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Abstract
In the present thesis the crack propagation in the ductile-brittle transition region is studied
on two scales with deterministic models. In the macroscopic model the ductile failure is de-
scribed by a non-local Gurson-model whereas the discrete void microstructure is resolved
around the crack tip in the microscopic model. The failure by cleavage is not evaluated
by means of a post-processing criterion but is modeled equivalently using a cohesive zone
model on both scales. Thus, cleavage is not a priori identified with unstable crack propaga-
tion but the transition between stable and unstable mode of propagation is a result of the
simulation. The problem of handling completely failed material within the framework of
non-local damage models is pointed out. A method to overcome this problem is proposed
and successfully applied. The case of contained plastic yielding at the crack tip is addressed
with a modified-boundary layer model. The macroscopic simulations reproduce many fea-
tures which are known from experiments like the formation of stretch zones, cleavage after
initial ductile tearing, pop-ins with crack arrest, among others. The microscopic simula-
tions substantiate the understanding of the macroscopically observed behavior. Systematic
parameter studies are performed. Starting with considerations on the limit cases like pure
ductile failure or the lower-ductile brittle transition region allows to separate the effects of
the different constitutive parameters. Based on these results, a methodology is proposed
to extract the macroscopic material parameters from experiments. This scheme is success-
fully applied to experimental data from literature. The results show that the behavior of
a low-constraint specimen can be reliably predicted with the parameters extracted from a
high-constraint specimen.

Zusammenfassung
In der vorliegenden Arbeit wird die Rissausbreitung im spröd-duktilen Übergangsbereich
auf zwei Skalen mittels deterministischer Modelle untersucht. Das duktile Versagen wird
im makroskopischen Modell durch ein nichtlokales Gurson-Modell beschrieben, während
im mikroskopischen Modell die Porenmikrostruktur im Bereich um die Rissspitze diskret
aufgelöst wird. Das mögliche Versagen durch Spaltbruch wird nicht, wie üblich, nachträg-
lich durch ein spannungsbasiertes Kriterium bewertet. Stattdessen wird der Spaltbruch auf
beiden Skalen durch ein Kohäsivzonenmodell abgebildet. Somit wird die Spaltbruchinitiie-
rung nicht a priori mit instabiler Rissausbreitung gleichgesetzt. Vielmehr ist die Stabilität
der Rissausbreitung ein Ergebnis der Simulationen. Außerdem wird das Problem der der
Handhabung vollständig ausgefallenen Materials im Rahmen nichtlokaler Schädigungsmo-
delle herausgestellt. Es wird eine Methode vorgestellt, dieses Problem zu behandeln und
erfolgreich angewendet. In den Simulationen wird der Fall vollständig eingebetteten, plas-
tischen Fließens untersucht. Die Simulationen mit dem makroskopischen Modell geben vie-
le Effekte wieder, die aus Experimenten bekannt sind. Dazu zählen die Ausbildung von
Stretchzonen, die Spaltbruchinitiierung nach anfänglichem, duktilem Reißen oder lokale
Instabilitäten mit Rissarrest. Die mikroskopischen Simulationen tragen zum Verständnis
des makroskopisch beobachteten Verhaltens bei. In der vorliegenden Arbeit werden syste-
matische Parameterstudien durchgeführt. Zunächst werden Grenzfälle wie das rein duktile
Versagens oder der Spaltbruch in Abwesenheit der Mikroporen untersucht, um die Einflüsse
der einzelnen Materialparameter abzugrenzen. Ausgehend von diesen Ergebnissen wird ei-
ne Prozedur vorgeschlagen, die Materialparameter des makroskopischen Modells Schritt für
Schritt aus Experimenten zu bestimmen. Diese Prozedur wird erfolgreich auf experimentelle
Daten aus der Literatur angewendet. Die Ergebnisse zeigen, dass es das entwickelte Modell
erlaubt, das Verhalten einer Bruchmechanikprobe mit geringer Dehnungsbehinderung an
der Rissspitze mit denjenigen Materialparametern vorherzusagen, die an Proben mit einer
hohen Dehnungsbehinderung ermittelt wurden.
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1. Introduction
1.1. Material Behavior in the Ductile-Brittle Transition Region
In the range of room temperature typical engineering metals, like steel or light-weight alloys,
fail by a ductile mechanism. In this process voids nucleate at second-phase particles which
break or debond from the embedding metallic matrix. These voids grow as the matrix
material yields plastically, and finally the voids coalesce to (or with) a macroscopic crack
as sketched in Fig. 1.1. Due to the large necessary plastic deformations of the matrix this
mechanism is energy-consuming. Thus, ductile failure results in a high toughness and leads
to a certain tolerance to initial flaws.
The plastic deformations of the metallic matrix are associated with a movement of dislo-
cations. With decreasing temperature the mobility of the dislocations decreases and higher
stress levels are necessary to drive them. Below a certain temperature the local stresses,
especially at the tips of microcracks nucleated from the broken second-phase particles, are
high enough to break the local bonds corresponding to cleavage initiation. This initiated
cleavage crack propagates transgranularly along favorably oriented crystallographic planes.
Engineering metals are polycrystals. Since the crystallographic planes of neighboring grains
are more or less misaligned, the transgranular crack is arrested at the next grain boundary
at first. Under certain conditions the crack propagates further through the grain boundary
which is said to be the critical event. Detailed descriptions of this mechanism can be found
e.g. in [1, 3, 4]. The region on the fracture surface around the location of cleavage initiation
of a pressure vessel steel is shown in Fig. 1.2. In the following the term “cleavage” will
refer to the sequence of the three stages: breakage of second-phase particles, transgranular
fracture and overcoming of the grain boundary.
Considerably less energy is dissipated during cleavage crack propagation compared to
the ductile mechanism. The loss of macroscopic toughness accompanied with the transition
from ductile to cleavage failure for decreasing temperature is sketched in Fig. 1.3. Coming
from the upper shelf of high ductility the fracture toughness decreases until an almost con-
Fig. 1.1.: Ductile mechanism (after [1]) Fig. 1.2.: Cleavage initiation at second-
phase particle [2]
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Fig. 1.3.: Fracture toughness in the ductile-brittle transition region (fractographies: [5])
stant level is reached for pure cleavage in the lower-shelf. The transition between both
regimes occurs within a relatively narrow temperature range wherein the toughness values
scatter considerable for nominally identical material. The particular ductile-brittle transi-
tion temperature depends on the employed specimen and increases with the applied rate of
loading and the levels of aging and irradiation. In some specimens the plastic deformations
around the crack tip are highly constrained inducing a higher stress level in the process zone.
Such a high crack tip constraint leads to a higher ductile-brittle transition temperature as
well.
1.2. Models for the Crack Propagation in the Ductile-Brittle
Transition Region
Due to the technical relevance, big efforts have been undertaken in order to provide suitable
models for the material behavior in the ductile-brittle transition region. Classically, the
cleavage initiation is assumed to coincide with unstable crack propagation and thus complete
failure of the structure. Consequently, possible failure is evaluated a posteriori by criteria
with respect to the stress states during the loading history.
Two main types of criteria are established for cleavage failure. According to the deter-
ministic criterion of RKR, Ritchie, Knott, and Rice [6] cleavage occurs if a critical level
of the maximum principle stress is exceeded within a region whose size is comparable to
that of a grain. A similar criterion was proposed earlier by Neuber [7] as “micro-support
approach”.
In contrast, in theWeibull-type approaches as established by Beremin [8] a stochastical
distribution of the size of potentially cleavage initiating flaws is postulated. Modeling these
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flaws asGriffith-cracks and assuming weakest-link behavior allows to derive theWeibull-
stress as global measure of the loading. Weakest link means that complete failure is assumed
when cleavage initiates at any flaw. The flaws are sometimes termed as local brittle zones.
With the Weibull approach statistical predictions are possible by means of the obtained
distribution function for the Weibull-stress.
Approaches of Weibull- or RKR-type have been successfully applied to model the
ductile-brittle transition region for stationary cracks ([8–13], among others) or incorporat-
ing the ductile crack propagation by means of various models (e.g. [14–25]). Especially
Weibull-type models enjoy great popularity due to the probablistic nature which accords
to the large scatter in experimental toughness values. A review can be found in [26].
If the Weibull-theory is applied to fracture specimens where the crack tip field is J-
dominated, a cumulative failure probability
Pf = 1− exp
(
−
√
BJ2c√
BrefJ
2
ref
)
(1.1)
is obtained for the fracture toughness Jc independent of the particular distribution of the
flaws [27, 28]. Therein, B denotes the specimen thickness and Bref a reference value thereof.
The value Jref is the fracture toughness of a specimen of width Bref with 63% cumulative
failure probability.
Equation (1.1) predicts a finite failure probability for specimens of finite thickness but
a vanishing survival probability of a infinitely thick specimen B/Bref → ∞ for arbitrary
small loadings. Anderson et al. [27] argue that the weakest-link assumption and the de-
duced predictions are physically questionable since a minimum energy is necessary to drive
the cleavage microcrack after initiation. Although the stressed volume is larger in thicker
specimens, it is not plausible that local cleavage initiation at a single point should trigger
fracture at arbitrary distant points in the whole specimen. And even if the crack initiated,
it would neither propagate inevitably unstably nor arbitrary far since a crack has no own
inertia but is driven by the current forces only ([29], see also below in section 2.1.2). Exper-
iments confirm the existence of a (temperature-dependent) lower-bound fracture toughness
(e.g. [27, 30–33]).
For this reason equation (1.1) was modified in order to account for the lower-bound
toughness [28] and for the specimen thickness effect [27]. One of these modified versions is
standardized in ASTM E 1921 [34] including at least a temperature-dependent lower-bound
toughness for specimens of finite thickness. In the literature many other modifications of
the original Beremin-formulation have been proposed accounting for different features of
the process of micro-crack formation, e.g. [10, 15, 22, 24, 35, 36].
In principle, the critical stress in the RKR-model and the characteristic stress in the
Weibull-models are intended to be temperature independent. However, using this as-
sumption the models underestimate the fracture toughness in the upper transition region
even if ductile crack growth is taken into account [17, 20] or, equivalently, no temperature
independent parameters can be identified [17, 18, 22]. O’Dowd and Shih [37] obtained for
the RKR-model a dependence
Jc
JcSSY
=
(
1− σ0
σc
Q
)n+1
(1.2)
of the fracture toughness Jc on the ratio of initial yield stress σ0 and critical stress level σc
for contained plastic yielding conditions. In this equation n denotes the hardening exponent.
The value JcSSY is the reference fracture toughness at ideal small-scale yielding. For a finite
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specimen the Q-stress quantifies the relative difference of the hydrostatic stress level directly
in front of the crack tip compared to the state of ideal small-scale yielding (Q = 0). For
steels and other metals σ0 decreases with increasing temperature and so does the ratio
σ0/σc if σc is temperature independent. Thus, the model predicts a decreasing dependence
on the Q-stress, i.e. on the loss of crack tip constraint, with increasing temperature which
contradicts the experimental experience. Similarly, Wallin et al. [23] deduced a theoretical
temperature effect by combining a Weibull model and a Peierls-Nabarro approach.
However, the predicted effect is opposite to experimental results. In addition, it is known
that the predictions of failure of a specimen with Weibull-parameters determined from a
different specimen type are problematic [15–17, 22].
The problem of theWeibull-type models is the identification of local cleavage initiation
with unstable crack propagation. Indeed, there are several reports on initially stable cleavage
crack propagation [6, 38–43]. Generally, in the context of local softening the transition to
an instability is a size effect as noted also by Wurster et al. [43]. Within this study the
cleavage fracture of tungsten was investigated experimentally with micron-sized specimens
showing that the crack propagates stably through the whole specimen. In a specimen with
about 1mm width Hull et al. [39] observed stable cleavage still in the upper ductile-brittle
transition region.
The size-effect can be illustrated by a serial connection of potentially stable softening
elements (which is the case at the latest at the level of separation of two atoms) with
prescribed total displacement [44]. At the critical stress and under a small disturbance one
element begins to soften whereas the others unload providing their stored energy. If enough
elements are present the energy supply exceeds the work of separation of the softening
element leading to immediate dynamic fracture. Analogously, in fracture tests the specimen-
size independent crack driving force determines the fracture initiation but the stability of
crack propagation depends on the particular evolutions of loading and material resistance
with crack growth. For instance in linear-elastic fracture mechanics the stress intensity
factor KI of a specimen of width W and crack length a can be written in dimensionless
form as
KI =
uLLDE√
W
f
( a
W
)
(1.3)
with E being Young’s modulus and uLLD the prescribed displacement. The crack growth
resistance curve of the material is
KR = K0 g
(
∆a
Lmat
)
(1.4)
wherein K0 is a reference crack growth resistance (e.g. the fracture initiation toughness)
and Lmat is a characteristic material length scale associated with the fracture mechanism.
The crack propagation is stable if dKI/d∆a < dKR/d∆a. For the given relations and under
the condition that KI = KR this criterion reads
1
W
· f
′
f
<
1
Lmat
· g
′
g
. (1.5)
Here, ( )′ denotes the derivative with respect to the dimensionless argument. Inequality (1.5)
shows, that the behavior is stable in any case if the specimen type has the characteristic
f′ / f < 0 (as it is typically the case under displacement-controlled loading) and if the
material obeys tearing g′/g > 0. However, if the characteristics f′/f and g′/g have the same
sign the dimensions become important. If the material characteristic g′ / g is negative,
as it is often the case with cleavage [1], the crack propagation becomes unstable in large
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specimens W  Lmat even if the specimen has a favorable characteristic f′ / f < 0. Thus,
for g′ / g < 0 stable crack propagation is possible only if W and Lmat are comparable.
Regarding the ductile-brittle transition, the question of comparability of length scales
does not concern the specimen size only but additionally the relation between the length
scales associated with both failure mechanisms. Especially in the upper ductile-brittle tran-
sition region the characteristic length scale of cleavage, like the grain size, is comparable to
those related to the ductile mechanism like the crack tip opening displacement (CTOD).
Hence, if the behavior in this regime shall be addressed, the characteristics of both mech-
anisms have to be incorporated, i.e. in a damage mechanical model the particular local
softening associated with cleavage initiation has to be considered. Configurations where the
local softening initiates virtually without a hardening mechanism but where the size of the
softening zone is comparable to another relevant dimension are often termed as quasi-brittle
[45]. In this sense the cleavage initiation within the zone of ductile damage is quasi-brittle.
There are only few studies in the literature where the particular cleavage softening is
taken into account. Freund and Lee [46] used a visco-plastic strip yield model with imme-
diate complete softening at particular levels of stress or separation for modeling cleavage
and ductile failure, respectively. This simple model captures already the transition from
ductile to cleavage failure for increasing loading rate or higher yield stress (=lower temper-
atures) for a constant, i.e. temperature independent, level of the critical stress. Similarly,
Siegmund and Needleman [47] employed a cohesive zone with homogenous properties em-
bedded in visco-plastic J2 material to model the cleavage failure. Analogous to the approach
of Freund and Lee [46] this model captures the decreasing contribution of the plastic dissi-
pation to the crack growth resistance with decreasing temperature or higher rate of loading,
respectively. Cleavage was modeled by means of a cohesive zone by Kabir et al. [48] and
Hardenacke et al. [49], too.
Modeling cleavage failure by a cohesive zone is a heuristic approach which combines two
relevant features. Firstly, the softening initiates (under pure mode-I) when the maximum
principal stress in the ligament reaches a critical level, the so-called cohesive strength, which
is a common assumption. In addition, the work of cohesive separation can be interpreted
as the work required to drive the micro-crack which initiated at a broken second-phase
particle into the neighboring grain and through the next grain boundary. By the cohesive
work of separation a specimen-type independent lower-bound fracture toughness exists a
priori. With the cohesive zone the underlying boundary value problem is well-posed so
that convergence is expected to occur with respect to the refinement of the mesh in the
finite-element computations.
There are also studies in the literature dealing with the crack initiation and propagation
in the ductile-brittle transition region where the ductile failure is incorporated in a more
sophisticated way than the strip yield model of Freund and Lee [46]. Mostly, the Gurson-
model [50, 51] in the modification by Tvergaard and Needleman [52–54] (GTN-model)
is employed for this purpose. This GTN-model is used in so-called computational cell sim-
ulation together with competing cleavage models. Incorporating the cleavage failure by a
node-release technique [14, 55–58] with a RKR-like criterion (“cleavage grains”) or through
micro-mechanical intrinsic variables in the “CAFE-model” [59, 60] allows to reproduce the
whole transition region including lower and upper-shelf toughness. The problem with com-
putational damage cells is that the element size enters as model parameter and cannot
be decreased as it might be necessary to resolve the local stress fields triggering cleavage
damage. In many of the aforementioned investigations [14, 48, 57–60] locally fluctuating
material properties are incorporated to address the experimentally observed scatter of the
measured fracture toughness values.
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Furthermore, in some investigations [14, 57, 58, 61] islands of nucleable porosity are
employed to model the nucleation of voids in the ductile failure mechanism. The ductile
mechanism itself is addressed in the same way also by Needleman and Tvergaard [62, 63]. But
there is also a number of studies where a priori existent voids are incorporated discretely [21,
64–75] in front of the crack tip. Petti and Dodds [21] evaluate possible cleavage a posteriori
through a Weibull-type criterion.
To the author’s knowledge there are only few studies in the literature where the mi-
crostructure in form of voids is resolved and the particular softening due to cleavage ini-
tiation is incorporated. Hardenacke et al. [49] examine the microscopic process of crack
propagation from a broken second-phase particle into the neighboring grain in a representa-
tive volume element. These authors model the cleavage in the grain by a cohesive zone and
obtain a critical size of the particle above which the micro-crack propagates (stably) into the
grain. Aiming at final failure in the ductile regime, Tian et al. [76] employ a stress-driven
damage law for the softening of the intervoid matrix material. This model could be also a
appropriate for the ductile-brittle transition region. However, Tian et al. do not investigate
the influence of particular constitutive parameters.
1.3. Scope of this Thesis
In the present study the crack propagation in the ductile-brittle transition region shall be
simulated by incorporating the softening associated with cleavage initiation by means of a
cohesive zone in addition to the ductile material degradation.
The material behavior is investigated on two scales, in each case with a well-defined
boundary-value problem. On the macroscopic scale the ductile mechanism is modeled with
a non-local modification of the Gurson-Tvergaard-Needleman model (GTN-model)
whereas the discrete voids are resolved in the microscopic model.
In each cases the abilities of the particular models are illuminated by systematic param-
eter studies. In order to reduce the number of parameters the voids are assumed to be
initially present and the intervoid matrix material is supposed to behave rate-independent.
A possible influence of the geometry is excluded by investigating the limiting case of a semi-
infinite crack. With this approach small-scale yielding conditions are ensured per definition.
In order to separate the respective influence, limit cases with respect to particular parame-
ters are exercised first before setting the parameters to finite values. For instance the case
of pure ductile failure is considered before the ductile-brittle transition region. Following
the idea of a minimal model, homogenous material parameters are employed. In the mi-
croscopic model a very simplified microstructure is used thus aiming mainly at qualitative
conclusions.
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2. Global Model of Crack Propagation
2.1. Crack Propagation under Small-scale Yielding
2.1.1. Semi-infinite Crack
In the present study the crack propagation region in the ductile-brittle transition is inves-
tigated. For this purpose the damage mechanisms in the process zone are described with
different models. In the process zone the field quantities like stresses and strains change
within distances which are comparable to the characteristic material length scales Lmat
associated with the respective damage mechanism. Thus, the model applied in the process
zone needs to account for the effects of corresponding high gradients. In the ductile mech-
anism voids nucleate at second phase particles, grow, and finally coalescence to or with a
macroscopic crack. In the coalescence stage the deformation localizes within a single or a
few layers of voids so that the (mean) void distance X0 is the relevant material length scale.
The cleavage initiation encompasses the breakage of a second-phase particle, the propaga-
tion of the thereby-formed micro-crack in the grain, and through the next grain boundary.
Thus, the grain size is the relevant material length scale for this mechanism.
In contrast, far away from the process zone the change of the field quantities over the
characteristic material length Lmat is negligible. Thus, the state of any microscopic volume
element is determined uniquely by the history of the mean stresses respectively mean strains,
where “mean” refers to the average of the local stress and strain fields within a region
whose size is comparable to or larger than Lmat. If these mean stresses and strains are
assigned to a macroscopic material point, corresponding constitutive laws can be derived
which is called homogenization. An detailed description of the theory of homogenization
can be found in many textbooks, e.g. in [77]. For the designated metallic materials the
homogenized ductile behavior can adequately be described by the Gurson-model in the
modification by Tvergaard and Needleman (GTN-model) which is described in detail
below in section 2.2.
In the following simulations, general statements about the influences of the model pa-
rameters shall be derived. For this reason the limiting case of mode-I crack propagation is
investigated for a semi-infinite crack under plane strain conditions with quasi-static loading.
This approach excludes possible effects of the geometry of a particular specimen. The max-
imum size rmaxpl of the plastic zone during crack propagation is a finite material property
and scales with Lmat so that small-scale yielding conditions prevail with the present model.
In a sufficient distance to the plastic zone r  rmaxpl the elastic field is undisturbed. The
corresponding general solution of the displacement field u(x) is known as Williams-series.
In the present study only the first two terms of the series are incorporated(
ux
uy
)
=
KI(1− ν)
E′
√
r
2pi
(
cos ϕ
2
[3− 4ν − cosϕ]
sin ϕ
2
[3− 4ν − cosϕ]
)
+
T
E′
(
x
− ν
1−ν y
)
. (2.1)
Without loss of generality it is assumed here that the crack propagates along the x-direction
starting from the origin. The coefficients of the first terms are the stress-intensity factor
KI and the transversal stress T (T -stress). The symbols ν and E′ denote Poisson’s ratio
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and the plane-strain elastic modulus, respectively. The latter is related to Young’s E via
E′ = E/(1 − ν2). The whole model is sketched in Fig. 2.1. Under these conditions the
far-field energy-release rate amounts to
J =
K2I
E′
. (2.2)
The different approaches for the modeling of the damage in the process zone are described
at the appropriate positions in the following chapters. The absolute amount of the T -stress
limits the validity of the model of a semi-infinite crack with contained yielding. If T reaches
the level corresponding to the plastification under uniaxial tension (for plane strain), the
assumption of an elastic, KI-T -dominated far-field becomes invalid. For instance for a
Mises material with initial yield stress σ0 the T -stress is constricted to
T <
σ0√
1− ν + ν2 . (2.3)
With a Poisson’s ratio of ν = 0.3 this limitation gives about T < 1.125σ0.
A typical crack growth resistance curve (R-curve) JR = f (∆a) is sketched in Fig. 2.2
as it could be obtained for a semi-infinite crack. Therein, ∆a is the amount of crack
growth. Firstly, the crack tip blunts. The blunting line is followed typically by a region of
stable tearing. Finally, a steady-state is reached where the fields around the crack tip move
congruently along the crack plane at constant far-field loading J = JssR .
But also configurations can occur where the crack growth resistance decreases locally.
Since the loadKI (or equivalently J) does not follow the decreasing JR, the crack propagates
dynamically in this range until it arrests again which is termed as a pop-in according to
ASTM E 1290 [78].
During crack growth the crack tip does not remain sharp as in the initial configuration.
Rather, the material degradation due to the different damage mechanisms takes place within
a zone of finite width, which will be referred to as softening zone in the following. Due to the
finite width there is no unique definition of the amount of crack growth ∆a. In many studies
∆a is measured from the initial crack tip to the last completely failed point. In addition
to the numerical problems in finding this point exactly, this definition is not applicable for
damage model which reach the traction-free state only asymptotically as it is the case in
2.1. Crack Propagation under Small-scale Yielding 19
the models applied here. The respective definitions of ∆a are described together with the
damage models for the process zone at appropriate positions in the following chapters.
2.1.2. Loading
Crack Tip Constraint
Rice [79] proposed to vary the transversal stress T within such a model of a semi-infinite
crack to investigate the influence of the in-plane crack tip constraint. Numerical simulations,
e.g. by Dodds et al. [80] and O’Dowd and Shih [37], showed that in an elastic-plastic material
with KI − T -controlled far-field, the stress triaxiality near the crack tip remains high for
positive T whereas it decreases rapidly with decreasing, negative values of T . Investigating
the effect of the in-plane crack tip constraint by varying the T -stress in the far-field is an
established approach today. With such a model, not only the absolute value of T but the
complete loading history with respect to KI and T needs to be specified. There are studies
in the literature (e.g. [14, 81, 82]) wherein the T -stress is applied first before KI is increased
(consecutive T -KI loading). However, in typical fracture experiments the load is applied at
a single point so that all coefficients of the Williams series are proportional to each other
during the whole loading history. For this reason proportional loading T ∝ KI is assumed
here. The difference between proportional and consecutive T -KI-loading is expected to be
relevant especially in the ductile regime since then the T -stress and thus the constraint
changes during tearing for proportional loading whereas this is not the case for consecutive
T -KI-loading.
If T and KI are determined for a particular specimen, the proportionality factor contains
an information about the dimension of the specimen. For instance for the Griffith crack
(a through-thickness crack in an infinite domain under uni-axial tension in the far-field),
KI/T = −
√
pia incorporates the crack length a. The dimensionless biaxiality ratio
β =
T
√
pia
KI
(2.4)
is often used to quantify the change of the crack tip constraint with size of different types
of fracture specimens. In the following simulations the ratio KI/T will be related to a
characteristic material length scale Lmat, i.e. the dimensionless quantity T
√
Lmat/KI will
be varied. With (2.4) this ratio corresponds to
T
√
Lmat
KI
= β
√
Lmat
pia
. (2.5)
Hence, taking a higher absolute value of T
√
Lmat/KI corresponds to a higher ratio Lmat/a,
i.e. to a smaller specimen for a given material length scale Lmat. Thus, the question of
the influence of the crack tip constraint corresponds to a specimen size effect. The sign
of T
√
Lmat/KI can be set by β only so that it is a characteristic of the specimen type.
The particular values of T
√
Lmat/KI will be chosen in the simulations to cover the relevant
range for typical specimens.
Quasi-static Loading
As discussed already, local instabilities (pop-ins) are expected to occur under certain con-
ditions. In order to incorporate this dynamic crack propagation, the mass density ρ has to
be taken into account in the model. Even if no local instabilities appear, a steady-state of
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crack propagation is expected to be reached where the crack propagates at constant loading
J = JssR as discussed on page 18 above and shown in Fig. 2.2. At this point the deformation
state, especially the current amount of crack growth ∆a, is not uniquely defined anymore
by the far-field loading KI or J , respectively. In a finite element simulation the steady-state
can thus not be handled with a standard load application scheme. From this point of view a
dynamic simulation has the advantage that the deformation state becomes uniquely defined
again in the steady-state for prescribed far-field loading by the time the load is being held
at J = JssR in combination with the limited crack velocity (limited by the speed of sound).
However, in order to exclude effects of the rate of load applications, quasi-static loading
is considered. This means that it has to be ensured that the loading (expressed by KI or
J) does not change during a pop-in or the amount of crack propagation ∆a to be simulated
at the steady-state. Equivalently, it is required that the time elastic waves need to pass
characteristic distances L of the problem, is small compared to the time scale of loading
τL = K
max
I /K˙I:
τL  L
cs
. (2.6)
Therein,
cs =
√
E
2(1 + ν)ρ
(2.7)
is the velocity of the shear waves (which are slower than the longitudinal waves). For the
considered semi-infinite crack there is no characteristic dimension of the geometry but L
has to be identified with the respective material length scale Lmat.
During the dynamic crack propagation, e.g. during a pop-in, the crack accelerates thereby
reducing the available energy release rate. The velocity of crack growth ∆a˙ takes on such
a value that the dynamic energy-release rate JId equals the crack growth resistance JR.
The value JId is less than the (quasi-)statically applied loading J and the elastic far-field
is defined by the quantities J , JId, ∆a˙, E, ν and ρ. For the considered rate-independent
constitutive behavior there is no characteristic time scale of the material. A dimensional
analysis with respect to the listed quantities shows that under quasi-static loading (2.6) the
interrelationship between static and dynamic energy-release rate can only have the structure
JId
J
= kJ
(
∆a˙
cs
, ν
)
. (2.8)
An approximation of the universal function of crack speed kJ is given by Freund [29] as
kJ =
(1−∆a˙/cR)2
1−∆a˙/cs
. (2.9)
Therein, cR denotes the Rayleigh wave speed which is the maximum possible crack velocity
at which the available energy release rate JId becomes zero. The Rayleigh wave speed is
given implicitly by the solution of the equation(
cR
cs
)6
− 8
(
cR
cs
)4
+
8(2− ν)
1− ν
(
cR
cs
)2
− 8
1− ν = 0 . (2.10)
Equation (2.8) is used in the following to extract the crack growth resistance JR = JId from
the simulations where J and ∆a˙ are known or can be extracted, respectively. Equation
(2.8) does not incorporate acceleration terms ∆a¨ which means that the crack has no own
inertia but ∆a˙ depends on the current “over-”driving force J − JR only. In the following
simulations the crack velocity ∆a˙ takes values up to about 30% of cR (see 3.24 on page 47).
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Fig. 2.3.: Finite element mesh in the modified boundary-layer model
2.1.3. Numerical Implementation: Boundary-Layer Model
For a finite element simulation with the described model a domain of finite size has to be
spatially discretized. Concretely, a circular domain is meshed as shown in Fig. 2.3. Due
to the symmetry of the mode-I configuration (and of the material properties) only a half-
plane needs to be incorporated in the numerical model. Displacement boundary conditions
according to the KI−T far-field solution (2.1) are applied at the outer circumference. In the
literature such an approach is often termed as a modified boundary-layer model. In order to
approximate the desired configuration of a semi-infinite crack adequately, the outer radius
A0 has to be large compared to the maximum extension rmaxpl of the plastic zone. The latter
is estimated as
rmaxpl =
1
3pi
(
KmaxI
σ0
)2
(2.11)
wherein σ0 denotes the initial yield stress. In particular, the outer radius is chosen in the
simulations with A0 ≥ 30 rmaxpl . Either elements with linear or quadratic shape functions
are used depending on the employed implementation of the cohesive elements as described
below in section 2.3.2.
Regarding the conditions of quasi-static loading derived in section 2.1.2, the radius A0
enters as further length into the numerical model. Thus, condition (2.6) has to be fulfilled
as well for L = A0 which is by far stricter than for the characteristic material length scale
L = Lmat. This means that the time elastic waves (especially the slower transversal ones)
need to pass the way from the outer boundary to the crack tip has to be small compared to
the time scale τL of loading. For the following simulations the mass density ρ is specified
such that A0/cs = 0.0025 . . . 0.01 τL holds.
The finite element simulations are performed with the commercial code Abaqus /Stan-
dard. An implicit time integration scheme after Hilber-Hughes-Taylor is employed to
discretize the governing equations in time.
2.2. Homogenized Material: GTN-Model
As mentioned above the homogenized material behavior around the process zone is described
by the Gurson-model [51] in the modification by Tvergaard and Needleman [52, 54]. This
model (GTN-model) accounts for the microscopic void growth which leads to macroscopic
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dilatational plastic flow. Correspondingly, the yield function Φ does not depend on the
Mises stress σeq alone but additionally on the hydrostatic stress σh:
Φ =
(σeq
σ¯
)2
+ 2q1f
∗ cosh
(
3q2
2
σh
σ¯
)
− 1− (q1f∗)2 (2.12)
Therein, σ¯ denotes the the effective yield stress of the matrix material. The parameters q1
and q2 were introduced by Tvergaard [52] for fitting the results of cell model computations.
This author obtained the values q1 = 1.5 and q2 = 1 which are used in the following. The
effective void volume fraction f∗ coincides with the actual one f during stable void growth
but takes a larger value in the void coalescence stage which initiates when f reaches the
value fc:
f∗ =

f f ≤ fc
fc + (f − fc)κ fc < f ≤ ff
fu ff < f
with κ =
fu − fc
ff − fc
, fu =
1
q1
. (2.13)
The term ff is the void volume fraction at which the material looses its stress-carrying
capacity completely. The GTN-model merges into the case of Mises plasticity for f∗ = 0.
A hypo-elastic approach and an associative flow rule are employed :
σ˙J = Cel :
(
d− dpl
)
, dpl = λ˙
pl ∂Φ
∂σ
. (2.14)
The symbols d and dpl denote the rate of deformation and its plastic part, σ˙J is the
Jaumann-rate of the stress tensor and
Cel =
E
1 + ν
I4s +
νE
(1 + ν)(1− 2ν)II (2.15)
is the isotropic stiffness tensor with I and I4s being the second and forth order unit tensors,
respectively. The loading-unloading condition
Φ ≤ 0, λ˙pl ≥ 0, Φ λ˙pl = 0 . (2.16)
relates the plastic multiplier λ˙pl to the yield condition. In the present study no void nucle-
ation is considered but only void growth beginning at the initial value f0. The requirement
of a volume preserving plastic flow of the matrix material leads to the evolution equation
for the void volume fraction
f˙ = (1− f) ε˙v (2.17)
where the volumetric plastic strain rate ε˙v is the trace of the plastic part of the rate of
deformation tensor:
ε˙v = dpl : I . (2.18)
The matrix yield stress σ¯ depends on the equivalent plastic strain ε¯ whose evolution equation
is given by
˙¯ε =
σ : dpl
(1− f) σ¯ . (2.19)
A one-parametric power law is utilized for the hardening of the matrix material as in many
studies in the literature which deal with the processes at the crack tip (e.g. [21, 83, 84]).
The law is given implicitly by
σ¯
σ0
=
(
σ¯
σ0
+
E
σ0
ε¯
)N
. (2.20)
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The symbols σ0 and N denote the initial yield stress and the hardening exponent, respec-
tively. This approach results in a uniaxial response
ε =
{
σ/E σ < σ0
σ0/E (σ/σ0)
1/N else
. (2.21)
between true stress and logarithmic strain in absence of voids f = 0.
In the following the elastic-plastic material parameters are set to σ0 = 0.003E, N = 0.1
and ν = 0.3 if not stated otherwise. These parameters correspond to the behavior of typical
medium strength engineering metals and are used in many studies in the literature, e.g. in
[68, 73, 74, 83, 84].
2.3. Cleavage: Cohesive Zone Model
2.3.1. Traction-Separation Law
The material degradation by cleavage is modeled by a cohesive zone as sketched in Fig. 2.4.
In such a model the traction-separation law (cohesive law) defines the relation between local
separation δ and surface traction t. Here, both δ and t refer to the intermediate plane of
the cohesive zone in the current configuration. The reference to the current configuration
is essential for the envisaged application in combination with plastic bulk material which
undergoes large deformations during the expected initial crack tip blunting. In the literature
there is no commonly accepted traction-separation law for the cleavage mechanism. For this
reason, different approaches are employed to study the influence of the shape of the cohesive
law, namely a bi-linear and an exponential type law as shown in Fig. 2.5 on the following
page. For monotonic loading the envelope of the bi-linear law is given by
t =

Ecohδ δ ≤ δ0
δc−δ
δc−δ0 σc δ0 < δ < δc
0 else .
(2.22)
The cohesive strength σc corresponds to the maximum attainable principal stress (under
mode-I loading) in the ligament. If σc is reached, softening initiates until the load-carrying
capacity vanishes completely at the separation δc. The bi-linear law has the dimensionless
shape parameter λ ∈ [0, 1] as further parameter which determines at which separation
δ0 = λδc the cohesive strength σc is reached relative to the critical value δc. This has the
advantage that the influence of the shape of the cohesive law can be studied by varying
λ. If not stated otherwise the value λ = 0.24 is used so that the peak of the bi-linear law
corresponds to the center of the plateau of the trapezoidal traction-separation law employed
by Tvergaard and Hutchinson [84]. The initial slope of the bi-linear law is obtained as
Ecoh = σc/δ0.
The response of the exponential law in Fig. 2.5b corresponds to the approach
t = σc
δ
δ0
e1−δ/δ0 (2.23)
proposed by Xu and Needleman [85]. With this law the traction-free state is reached only
asymptotically.
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Fig. 2.4.: Cohesive zone at the crack tip
In both cases the area under the envelope of the respective traction-separation law is the
cohesive work of separation
Γ0 =
∞∫
0
tdδ (2.24)
which corresponds to the critical energy-release rate if the cohesive zone is embedded in
homogenous, purely elastic material as shown by Rice [86]. Thus, Γ0 corresponds to the
lower-bound fracture toughness which accounts for the minimum work required for cleavage.
For the considered cohesive laws the work of separation amounts to
bi-linear: Γ0 =
1
2
σcδc, (2.25a)
exponential: Γ0 = eσcδ0 . (2.25b)
Tvergaard and Hutchinson [84] defined the far-field stress-intensity factor corresponding to
Γ0 in the model of a semi-infinite crack as reference value and furthermore a reference length
as
K0 =
√
E′Γ0 , L0 =
1
3pi
(
K0
σ0
)2
=
1
3pi
E′Γ0
σ20
. (2.26)
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Fig. 2.5.: Cohesive laws: (a) bi-linear and (b) exponential shape
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The length L0 is a common approximation of the size of the plastic zone at the load
KI = K0 if plasticity is taken into account, see Eq. (2.11). For the exponential cohesive law
a dimensionless shape parameter can be defined as
λ =
σcδ0
2Γ0
≈ 0.18 (2.27)
analogously to the bi-linear law.
After having reached the cohesive strength σc at δ = δ0, softening proceeds with further
separation δ for both cohesive laws. Due to the intended modeling of the cleavage initiation,
the softening is modeled as a dissipative process. The dissipation appears in form of a
hysteresis by an unloading path which differs from the loading path, see Fig. 2.5. The
unloading path goes through the origin since cleavage is not assumed to be associated with
remanent deformations. For the bi-linear cohesive law the unloading path is linear. If this
were also the case for the exponential law, the unloading behavior would not be continuous
at the point of maximum traction (δ0, σc). Unloading immediately before this point would
take place along the curved loading path whereas the unloading path immediately behind
this point would be linear. This behavior would correspond to a jump of the dissipated
energy at this maximum point which is physically questionable.
For this reason Roth and Kuna [87] proposed an exponential-type cohesive law with
curved unloading path as sketched in Fig. 2.5b which gives a continuous unloading and
dissipation behavior. This approach is employed in the present study. Details on the
mathematical formulation can be found in [87]. For both cohesive laws a cohesive damage
variable D can be defined as ratio between dissipated cohesive work Γdiss (as area above the
unloading path in Fig. 2.5) and the cohesive work of separation [88]:
D = Γdiss/Γ0 . (2.28)
Both employed cohesive laws have an initially increasing, reversible branch. Approaches
of this type are termed as intrinsic. In the literature (e.g. [89]) it is argued that intrinsic
cohesive laws are inconsistent for homogeneous materials since then cohesive zones cannot
be assumed to be present everywhere (assumed-crack approach [90]) for homogeneous states
of deformations due to the added compliance. This is a substantive argument. However,
extrinsic cohesive laws, i.e. those without such an initial branch, predict dissipation at an a
priori existent crack tip for arbitrary small loadings which is physically questionable as well.
These problems are a drawback of the simplicity of cohesive zone models and have to be kept
in mind. An extrinsic cohesive law would be obtained with the bi-linear traction-separation
law if the shape parameter is set to λ = 0, compare Fig. 2.5a.
For the envisaged application to ductile-brittle crack propagation the initial, reversible
branch is essential since it allows states where energy is dissipated only with a ductile
mechanism in the bulk material without softening in the cohesive zone. This behavior
can also be interpreted in such a way that cohesive softening cannot initiate until the
stress in the ligament is sufficiently large within a region whose size is comparable to the
characteristic length Linit. This interpretation similar to the RKR-approach is detailed
below in section 3.2.2.
2.3.2. Numerical Implementation
The cohesive elements available in the employed FE-code Abaqus are not formulated with
respect to the tractions in the current configuration but the cohesive law refers to the initial
configuration there. For the present model a formulations with true stresses is necessary
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Fig. 2.6.: Cohesive elements for symmetry plane: (a) native implementation and (b) standard
cohesive element with enforced symmetric deformations
due to the expected large plastic deformations at the crack tip as discussed above. Thus,
the Abaqus built-in elements are not suitable. For this reason own implementations have
to be developed. For the simulations with the bi-linear cohesive law modified continuum
elements with linear shape functions are employed as described in the appendix. For the
exponential cohesive law Stephan Roth (see [87]) kindly provided an implementation with
quadratic shape functions which uses the UEL-interface of Abaqus.
As described above the present cohesive law is formulated with respect to the mid cohe-
sive plane in the current configuration which remains on the crack plane for the envisaged
pure mode-I loading. Attention needs to be paid to the handling of the cohesive elements
in the half-plane FE-model (Fig. 2.3 on page 21). If cohesive elements were employed with
standard symmetry conditions of vanishing normal displacements uy = 0 applied at the
bottom side of a layer of cohesive elements, the mid plane of these elements would not stick
on the crack plane but move with the top surface of the cohesive zone so that the symmetry
would be violated. Thus, special half-model cohesive elements are necessary as depicted in
Fig. 2.6a. In order to avoid the effort of a completely new implementation, the existing full
cohesive elements can be used with the following technique as sketched in Fig. 2.6b. The
standard cohesive element is connected to the desired surface in the normal way but no
displacement boundary condition is prescribed at the bottom surface. Instead, constraint
equations are formulated that the bottom nodes get the opposite normal displacements and
identical tangent displacements as the corresponding top nodes. With this technique the
mid-cohesive plane remains on the crack plane. However, with this approach a given normal
displacement uy at the top surface leads to a full separation δ = 2uy of the cohesive zone.
Consequently, if the unmodified cohesive element were used, the full work of separation
would have to be performed although only half of this value should be reached in the half
model. In general, in plane FE-models the final nodal contributions of the element are
obtained by multiplying the computed per-thickness values with the assigned out-of-plane
thickness. In order to ensure that the modified full cohesive element with enforced sym-
metric deformations in the half-plane FE-model represents only half the cohesive work of
separation, half of the out-of-plane thickness of the bulk material has to be assigned to the
cohesive element.
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3. Macroscopic Model and Simulations
3.1. Ductile Region
3.1.1. Fracture Model
The ductile material degradation of metals is associated with the growth and coalescence
of voids. However, in the process zone where voids coalesce, considerable gradients appear
over distances which are comparable to the (mean) void distance X0. For this reason
the classical GTN-model cannot be applied in this regime. This inadequacy is manifested
phenomenologically in the fact that the theory of simple materials, wherein the GTN-model
is formulated, lacks an intrinsic length scale which could be related to X0.
In order to overcome this problem in a heuristic way without incorporating discrete
voids, so-called non-local material models were developed. In these models the softening
state of a macroscopic material point does not depend on the local deformation history at
this point solely but additionally on the states of the surrounding points within a finite
region. For this purpose a non-local state variable is introduced as mean value of the local
counterpart averaged over the surrounding domain. With this approach an intrinsic length
scale Lnl enters through the size of the averaging domain. This original approach of a (pos-
sibly weighted) averaging over a finite domain is termed today as integral type non-local
formulation. In addition, explicit gradient-enriched and implicit gradient-enriched formu-
lations were derived. The three types of mathematical formulations can be correlated to
each other under certain circumstances. For the ductile mechanism the non-local approach
can be interpreted in such a way that the microscopic void growth is driven by this average
over a region whose size Lnl is related to the void distance X0. Non-local models have been
employed for many other damage mechanisms as well. An overview about the formulations
and non-local material models can be found e.g. in [91–95].
In the following a non-local modification of the GTN-model in an implicit gradient-en-
riched formulation is employed as proposed by Linse [25, 96]. Therein, the volumetric plastic
strain is introduced as non-local, damage-driving state variable. Details on this model and
further modifications with respect to the handling of completely failed material are de-
scribed below in section 3.1.2. For the macroscopic simulation of ductile crack propagation
this model is used in the whole domain around the crack as sketched in Fig. 3.1.
Far away from the process zone practically no gradients occur over distances of Lnl (or
X0, respectively) so that the classical GTN-model could be applied there as discussed in
Section 2.1.1. However, in the FE-simulation the number of elements in the process zone
exceeds the one in the outer zone by far so that the additional effort due to the application
of the non-local version in the whole domain is negligible.
General Considerations
Firstly, it is advantageous to consider the expected behavior of the described model in
order to derive requirements to the FE-implementation. When the far-field is applied at
the semi-infinite crack, a plastic zone forms at the crack tip even for arbitrary small load-
ings. In the initial stage the plastic zone is small compared to the intrinsic length scale
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Lnl. Correspondingly, the local plastification does not lead to an increase of the non-local
volumetric strain. Thus, in this stage the crack tip blunts stably as large deformations are
taken into account. A relevant increase of non-local strain does not happen until the size of
the region of large plastic deformations becomes comparable to Lnl as shown schematically
in Fig. 3.2. During crack tip blunting large plastic deformations occur within a zone with
width of about twice the crack tip opening displacement δt (CTOD).
In the following the displacement of the initial crack tip along the crack plane is used
as measure of the crack tip opening displacement δt, see Fig. 3.2. (Several, similar-valued
measures of the CTOD can be defined [83, 97].) This measure has the advantage that it is
defined even after crack initiation (in contrast to the common definition with 45°-intersection
lines) and that it is easily accessible in the numerical simulations.
In the crack tip blunting stage the distribution of the field quantifies like the stresses σ
and strains ε can be written in normalized form as
{
σ
σ0
, ε
}
= f
(
x
J/σ0
,
σ0
E
,N, ν, f0
)
for
J
σ0
 Lnl , (3.1)
x
y
0 x
σyy
∆a
xσmax
Fig. 3.3.: Definition of crack growth ∆a
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for dimensional reasons, i.e. the field distribution grows self-similarly with J/σ0. Corre-
spondingly, δt is proportional to J/σ0 as well. For typical hardening laws the dimensionless
proportionality factor lies in the range of nδ = δt/(J/σ0) ≈ 0.25 . . . 0.5.
Furthermore a measure of the amount of crack growth needs to be defined. Here, the
position of the current maximum stress in the ligament xσmax is employed
∆a := xσmax (3.2)
as sketched in Fig. 3.3. The coordinate x refers to the initial configuration and the value
x = 0 describes the initial crack tip. This definition has the advantage that it is independent
of the particularly active softening mechanism. This is important in the following when
cleavage failure will be incorporated as well. In addition, ∆a is well-defined also if the
traction-free state is reached only asymptotically which is the case with the exponential
cohesive law.In the initial stage of crack tip blunting ∆a = xσmax increases proportionally
with J , see equation (3.1). This linear behavior is often referred to as blunting line which
is thus incorporated automatically with the definition (3.2).
For pure ductile failure, the computed crack growth resistance curves can be specified in
the form
JR
σ0Lnl
= f
(
∆a
Lnl
, f0, fc, ff ,
E
σ0
, N, ν,
T
√
Lnl
KI
)
(3.3)
for dimensional reasons. The fracture initiation toughness Jc is defined as a prominent
point on this curve (as sketched in Fig. 2.2).
The tearing is often quantified by the dimensionless tearing modulus TR according to
Paris et al. [98]. In the given normalization TR is obtained as
TR =
E
σ20
· ∂JR
∂∆a
=
E
σ0
·
∂
(
JR
σ0Lnl
)
∂
(
∆a
Lnl
,
) (3.4)
with the same functional dependencies as in (3.3). Note, that under ideal small-scale yielding
(T = 0) the value TR at JR = Jc does not depend on the intrinsic length scale Lnl but
only on the initial void volume fraction f0, the respective values at coalescence fc and final
failure ff , and on the elastic-plastic properties (E/σ0, N , ν) of the matrix material.
3.1.2. Non-local GTN-model
The non-local modification of the GTN-model by Linse [25, 96] concerns to the evolution
equation (2.17) of the void volume fraction f . Therein, the volumetric plastic strain εv is
replaced by its non-local counterpart εnl:
f˙ = (1− f) ε˙nl . (3.5)
The non-local volumetric plastic strain εnl is introduced in an implicit way with a further
partial differential equation of Helmholtz-type as
εnl −∇ ·
(
L2nl∇εnl
)
= εv . (3.6)
The symbol ∇ denotes the Nabla-operator with respect to the current configuration. Equa-
tion (3.6) can be interpreted such that the non-local volumetric plastic strain εnl is de-
termined as an average of its local counterpart εv around a material point. Exactly, the
Green-function of the Helmholtz-operator in (3.6) forms the weighting function whose
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radius of action is characterized by the additional material parameter Lnl [95, 99]. From
another point of view, equation (3.6) can be seen as conservation law for the difference
between local and non-local volumetric plastic strain due to the divergence operator ∇ · ().
The intrinsic length Lnl weights the term of the “flow of non-locality” L2nl∇εnl. The trivial
natural boundary condition
L2nl∇εnl · n
∣∣
∂Ω0
= 0 (3.7)
is prescribed at free surfaces ∂Ω0 ensuring that the overall mean values of local and non-local
volumetric plastic strains are equal:∫
Ω
εnl dΩ =
∫
Ω
εv dΩ . (3.8)
This can be easily shown by integrating (3.6) over the whole domain, employing the diver-
gence theorem and using the boundary condition (3.7). The balances of momentum and
moment of momentum
∇ · σ = ρu¨, σ = σT (3.9)
are not affected by the non-local modifications. In the following it is shown that the bound-
ary value problem formulated this way is well-posed.
Stability Analysis
Within a classical theory of plasticity with associated flow a material instability coincides
with a loss of ellipticity of the underlying system of partial differential equations so that
bifurcation modes of infinitesimal width, i.e. jumps in the gradients of the essential field
variables, become possible, see e.g. [100]. These modes of infinitely small wave length are
responsible for the observed mesh sensitivity when employing softening constitutive laws
within simple material theory in FE-simulations. The regularizing effect of a general class of
non-local strain-softening damage models including the used implicit gradient-enriched GTN
model can be checked by analyzing the type of the underlying system of partial differential
equations. If the latter remains elliptic, a material instability leads to a bifurcation into
modes of finite wave length.
Following the approach by Benallal and Tvergaard [101], the conditions for continuing
equilibrium are obtained by differentiating (3.9) (for the static case) and the Helmholtz
equation (3.6) with respect to time. For this purpose, the differential operators are trans-
formed to the reference configuration by the deformation gradient before the differentiation
with respect to time is carried out. Subsequently, changing back to the current configuration
yields
∇ ·
(
σ˙J +A : V
)
= 0 (3.10)
∇ · (L2nl∇ε˙nl)− 2∇ (L2nl∇εnl) : d = ε˙nl − ε˙v . (3.11)
Thereby, the geometrical stiffness A (see e.g. [101]) and correspondingly the second term
in (3.11) enter through the differentiation of the deformation gradient by the product rule.
The term V = ∇v denotes the velocity gradient. The symmetric part of the latter is the
rate of deformation d = (V + V T)/2. A general material law reads
σ˙J = Cloc : d+Bε˙nl (3.12)
ε˙v = G : d+ F ε˙nl (3.13)
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with stiffness tensors Cloc, B, G and F . Combining equations (3.10)–(3.13) leads to
∇ · [(Cloc +A) : V +Bε˙nl] = 0 (3.14)
∇ · (L2nl∇ε˙nl)+ [G− 2∇ (L2nl∇εnl)] : V + (F − 1) ε˙nl = 0 . (3.15)
This is a system of linear second order partial differential equations for the velocities v and
the rate of non-local strains ε˙nl. The term Cloc + A is known as acoustic tensor. The
principal symbol of the system (3.15) is
A (n) =
[
n · (Cloc +A) · n 0
0 L2nln · n
]
. (3.16)
The principal symbol A corresponds to the Fourier-transformation of the terms with the
respective highest-order derivatives of the partial differential equations. Ellipticity is lost
whenever A is not invertible for any n 6= 0, i.e. when
L2nl n · n det [n · (Cloc +A) · n] = 0 . (3.17)
A non-trivial solution of this equation would correspond to the localization of the deforma-
tion in a plane normal to n. The pre-factors L2nl and n · n of the determinant are positive
each and thus condition (3.17) restricts the tangent stiffness Cloc (A is fixed) but not the
coupling coefficients B, G or F . Whether the boundary value problem is elliptic and there-
fore well-posed is only determined by that part of the constitutive description that is not
affected by the non-local variable. The same conclusion was drawn in [101] for an explicit
gradient-enriched formulation. Reusch [102] investigated the bifurcation behavior of an im-
plicit gradient-enriched damage model. As mentioned above, a loss of ellipticity coincides
with the possibility of bifurcation modes of infinitesimal wave length. In this limit case, the
bifurcation condition in [102] corresponds to the condition (3.17) for a loss of ellipticity.
In order to obtain a representation according to the general material law (3.13) for the
employed non-local GTN-model, firstly the flow rule (2.14) is inserted into the consistency
condition Φ˙ = 0. The obtained plastic multiplier
λ˙pl =
Φ,σ : σ˙
J
H
+
Φ,f (1− f)ε˙nl
H
with H = −Φ,σ¯h¯Φ,σ : σ
(1− f)σ¯ . (3.18)
is inserted again in the flow rule (2.14) yielding the plastic rate of deformation:
dpl = Φ,σ
Φ,σ : σ˙
J
H
+ Φ,σ
Φ,f (1− f)ε˙nl
H
. (3.19)
The term h¯ = dσ¯/dε¯ describes the hardening tangent modulus of the matrix material. If
void nucleation is considered in addition, further terms will enter the second summand in
(3.19), see [96]. Inserting dpl from (3.19) into the elastic law (2.14) allows to identify the
generalized tangent stiffness tensors. As shown before, the stiffness with respect to the
non-local strain rate ε˙nl does not affect the possible loss of ellipticity and so only the first
part of (3.19) needs to be investigated. The localization for a general class of dilatational
plastic material with non-associated flow rule has been studied by Rudnicki and Rice [103].
They assumed a constitutive behavior
dpl =
1
h
(√
3σ′
2σeq
+
β
3
I
)(√
3σ′
2σeq
+
µ
3
I
)
: σ˙J . (3.20)
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The symbol h denotes a hardening modulus and the values µ and β measure the pressure
sensitivity of the yield condition and the dilatancy of plastic flow under pure shearing. The
stress deviator is σ′. For this material Rudnicki and Rice [103] derived that no localization
occurs if
h
E
> −
(√
3σ′II
2σeq
+
µ
3
)2
(3.21)
in the envisaged case of associative plastic flow (µ = β) within a first order expansion of
the rotation terms. Therein, σ′II is the second principal value of the stress deviator σ
′.
As performed by Needleman and Rice [104] for the classical Gurson-model and for an
integral non-local formulation by Leblond et al. [105], inserting the yield condition (2.12)
and comparing the first part of (3.19) with the constitutive description (3.20) of Rudnicki
and Rice allows to identify the parameters
h =
h¯
3
·
[
1 + (q1f∗)2 − q1f∗ (2ch− σ˜hsh)
]2
(1− f)
[
1 + (q1f∗)2 − 2q2f∗ch
]
β =µ =
√
3
2
· q1q2f
∗sh√
1 + (q1f∗)2 − 2q2f∗ch
.
(3.22)
The abbreviations
σ˜h =
3
2
q2
σh
σ¯
ch = cosh σ˜h sh = sinh σ˜h N = σ
′
II/σ¯ (3.23)
have been introduced for convenience. Using these values of h, β and µ, condition (3.21)
can be rearranged to
h¯
3E(1− f) > −
(
3N − q1q2f∗sh
)2
4
[
1 + (q1f∗)2 − q1f∗ (2ch− σ˜hsh)
] . (3.24)
Thus, for a hardening matrix material (h¯ > 0) the material is always stable since the term
on the left-hand side is positive whereas the one on the right-hand side is non-positive, as
shown in [105]. The denominator on the right-hand side of (3.24) is always positive.
Material Failure
Problems arise if a material point fails completely at f = ff . At this point the material has
no stress carrying capacity anymore and the equilibrium condition (3.9) is fulfilled identically
in the static case. However, the non-local differential equation (3.6) is not fulfilled trivially
where material has failed but has to be considered. This has the consequence that in FE-
simulations fully failed Gauß-points still contribute to the non-local right-hand side terms
as pointed out by Geers et al. [106], Peerlings et al. [107] and Simone et al. [108]. To the
author’s knowledge there is no generally accepted way of handling this problem.
In many studies in the literature (e.g. [20, 106, 109–111]) the local counterparts to the
non-local variables get fixed at the moment of failure. However, the local part forms only the
source term in the Helmholtz equation (3.6) so that with this procedure the Helmholtz
equation (or its discretized weak form in the FE-implementation) still has to be solved
in the fully failed region Ωf . Peerlings et al. [107] argue that a new surface ∂Ωf with
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trivial natural boundary condition should be introduced where failure occurs as done e.g.
by Simone et al. [108] or Mediavilla et al. [112]. However, in general there is still non-local
flow L2nl∇εnl · n through the surface ∂Ωf at the moment of failure. Thus, introducing a
trivial natural boundary condition L2nl∇εnl · n = 0 at this point corresponds to a jump-
like relaxation of the finite contributions to the right-hand side terms which is at least
numerically problematic.
Instead, in the present study an essential boundary condition
εnl
∣∣∣∂Ωf = εfnl (3.25)
is introduced for the non-local strain where material failed completely. The condition of
a vanishing traction at ∂Ωf is retained. The non-local strain at failure εfnl is related to
the void volume fraction at failure ff . The evolution equation (3.5) of f can be integrated
analytically yielding
εfnl = ln
1− f0
1− ff
. (3.26)
If void nucleation is considered the current value of the nucleated void volume fraction would
enter as further subtrahend in the numerator. The essential boundary condition (3.25) can
be interpreted such that the non-local volumetric plastic strain εnl and thus the directly
related void volume fraction f cannot change anymore at a fracture surface. This would
not be the case if natural or mixed boundary conditions were applied since those would
not exclude further non-local flow to the fracture surface from inside the domain. This
would allow for further void growth at the newly created surface ∂Ωf which is physically
not plausible.
In phase-field damage models, which can be classified as generalized micro-morphic mod-
els just as implicit gradient-enriched non-local approaches [113, 114], essential boundary
conditions are prescribed at the crack surface, too [115, 116]. The matter of handling sur-
faces arises also within integral-type non-local formulations, see e.g. [91, 94]. Especially the
interaction domain of material points near a newly created surface is problematic here as
well and needs to be addressed as pointed out by Peerlings et al. [95].
3.1.3. Numerical Implementation
Finite Element Implementation
An implementation of the non-local GTN-model described in section 3.1.2 for the commer-
cial FE-program Abaqus was kindly provided by Thomas Linse using the UEL interface,
see [25, 96]. The discretized weak forms of the equilibrium condition (3.9) under static
conditions and of the non-local differential equation (3.6) read
Ru =Ru,int −Ru,ext = 0 (3.27)
with Ru,int =
GP∑
i
Jiwiσ ·Bu, Ru,ext =
∫
∂Ω
t ·Nu dΓ (3.28)
Rnl =
GP∑
i
rnli = 0 (3.29)
with rnli = Jiwi
[
Nnl
{
εv −
(
Nnl
)T · εnl}− L2nlBnl(Bnl)T · εnl]
x=xi
. (3.30)
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Therein,Nu andBu are the matrices of the shape functions for the displacements and their
derivatives, respectively. The corresponding terms for the non-local volumetric strain are
Nnl and Bnl. The vectors of tractions and stresses (in Voigtian notation) are denoted as
t and σ. The symbols v and εnl stand for the vectors of nodal values of the velocity and of
the non-local volumetric strain εnl, respectively. The index i counts over all Gauß-points
of which each is located at xi and has the weight wi. The Jacobi-determinant is denoted by
Ji. Quadratic shape functions are used for the displacements (Bu) and linear ones for the
non-local volumetric plastic strain (Nnl). A reduced integration scheme is employed. The
hypo-elastic-plastic material law (2.14) is integrated by means of an incrementally objective
algorithm. The resulting non-linear system of equations is solved by a Newton-Raphson
algorithm implementing the algorithmic consistent stiffness matrix. The current stresses
σ do not depend on the increment of the displacements only but also on those of εnl.
Furthermore, Rnl depends on the increments of εnl and on those of the nodal displacement
values over εv. Hence, the resulting global stiffness matrices for the increments of the nodal
values of displacements and non-local strains εnl are fully coupled and unsymmetric. Details
can be found in [25, 96].
For the desired dynamic simulations, the provided implementation had to be extended to
account for inertia effects. In Abaqus, a Hilber-Hughes-Taylor scheme is employed for
dynamic simulations with implicit time integration [117]. In this approach (3.27) is modified
as
M · v˙|t+∆t + (1 + α1)
(
Ru,int −Ru,ext
)
t+∆t
− α1
(
Ru,int −Ru,ext
)
t
= 0 (3.31)
with the mass matrix being
M =
GP∑
i
JiwiρN
u(Nu)T . (3.32)
The displacements and velocities are integrated in time as
u|t+∆t = u|t + ∆tv|t + ∆t2
[(
1
2
− α2
)
v˙|t + α2 v˙|t+∆t
]
(3.33)
v|t+∆t = v|t + ∆t
[
(1− α3) v˙|t + α3 v˙|t+∆t
]
. (3.34)
The parameters α1, α2 and α3 control the numerical damping and are provided by Abaqus
based on several criteria. Typically, they are chosen as
α2 =
1
4
(1− α1)2 α3 = 1
2
− α1 −1
3
≤α1 ≤ 0 . (3.35)
With modifications (3.32)–(3.34) the stiffness matrix for the displacements to be computed
by the user element subroutine has to be slightly modified. Details can be found in [117]. The
discretized form (3.29) of the non-local equation and the corresponding stiffness matrices
do not need to be modified for the dynamic simulations.
In the following FE-computations, iterations are performed in each increment until the
residuals fall below a bound
max(Rnl) <
(
3 · 10−6 . . . 3 · 10−5) L2nl (3.36)
max(Ru) < 0.002F . (3.37)
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Here, F is the average nodal force provided by Abaqus. Note, that Rnl has the dimension
of an area (in the considered 2D-case) since all quantities in (3.29) except the Jacobi-
determinant Ji are dimensionless. Correspondingly, the maximum residual max(Rnl) has
to be compared to a quantity of dimension length squared. The particular value of the
prefactor on the right-hand side in (3.36) is chosen depending on the employed material
parameters.
The handling of completely failed material is not trivial. If the crack path is known
in advance due to pure mode-I loading, the additional boundary condition (3.26) to be
introduced at some point of the FE-simulation could be handled in the classical way, i.e.
by inserting the value directly into the system of equations for the nodal values. In this
case the system matrices would need to be reordered which could be seen as something like
an “inverse node release”. If the crack path is not known in advance, this technique would
require remeshing.
In order to avoid the big effort associated with a global handling of the possible material
failure, the provided user subroutine was extended by implementing the additional boundary
condition (3.25) by means of a penalty technique. This has the advantage that it can be
managed on element level. The technique works as follows: If a Gauß-point j fails, its
contribution rnl to the right hand side is stored at this moment as rfj . In the following
steps the penalty is introduced as
rnlj = r
f
j + γL
2
nl
[(
Nnl
)T · εnl − εfnl]Nnl (3.38)
and the stresses remain zero. The term in the square bracket is the difference between
the current value εnl at the material point and the designated value εfnl according to the
boundary condition (3.25). According to the idea of penalty formulations this difference
should be as small as possible and vanishes if (3.25) is fulfilled exactly. The term rfj in (3.38)
assures that there is no jump in the right hand side values at the moment of failure. The
shape functionNnl is incorporated in (3.38) for the “distribution” of the scalar penalty term
in the square brackets. Thus, all nodes connected to the particular element containing the
failed Gauß point(s) j are affected. In general, the problem of penalty formulations is the
choice of the penalty factor γL2nl. If it is chosen too large, the convergence rate decreases and
if it is too small the condition to be enforced is not met. For a suitable choice the magnitude
of regular terms in the system of equations has to be estimated. The contributions rnl to
the non-local right-hand side Rnl scale with the square of the element edge length over Ji
in (3.30). The elements in the regions where material fails are considerably smaller than
Lnl so that the rnl are considerably smaller than L2nl. For this reason the value γ = 0.3 is
used for (3.38) in the following simulations. This turned out to be an adequate choice as
will be shown in the following.
Discretization in the Process Zone
In the process zone a region of width B0 = (120 . . . 330)Lnl in front of the crack tip is fine-
meshed in the modified boundary layer (Fig. 3.4) with (nearly) equilateral elements of edge
length be = (1/16 . . . 1/6)Lnl. This choice fulfills the convergence condition be ≤ 0.25Lnl
of the non-local GTN-model as established by Linse [25, 96].
Pure crack tip blunting is expected in the initial stage of loading as discussed in sec-
tion 3.1.1. With a standard mesh the elements at the crack tip distort in this stage as
reported e.g. in [20, 96, 109]. An example is shown in Fig. 3.5.
For this reason the approach of McMeeking [83] is used here who introduced an initial
radius rt at the crack tip. A typical mesh which is used around the initial crack tip is
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B0
Fig. 3.4.: Mesh around the process zone
depicted in Fig. 3.6. The problem is to find an adequate value of rt. McMeeking [83] discuss
that for increasing loading the theoretical solution for an ideal sharp crack tip is reached
asymptotically. However, if the crack tip opening displacement δt becomes considerably
larger than rt the elements at the initial radius distort again. Hence, for the present model
the initial radius rt at the crack tip has to be chosen small enough so that the final stages
of blunting are captured adequately. Though, rt must not be so small that the elements
distort before the fracture initiation. In principle, the distortion could be avoided if enough
elements were placed at the circumference of the initial rounding. However, then it is
difficult to realize a passably regular transition to a coarser mesh on the crack plane. The
latter is necessary to keep the number of elements on a manageable level as a large amount
of crack growth ∆a ≈ B0 is to be simulated. In addition, at full failure the solution is
not continuously differentiable so that the results converge slowly and many increments are
necessary.
The initial radius is set to rt = (0.07 . . . 0.7)Lnl such that the crack tip opening dis-
placement δc at fracture initiation lies in the range 5 . δc/rt . 7. This criterion can be
checked a posteriori only since δc is a result of the respective simulation. In some cases
(with f0 = 0.1) this requirement could not be fulfilled but only δc ≈ 3rt. The particular
values of rt will be considered below together with the employed material parameters.
For the following results the values of the crack tip opening displacement δt are not
picked from the node in the crack plane but from the upper node of the first element since
the displacement of the node directly in the crack plane has no meaning anymore when the
adjacent element fails due to numerical implementation described above.
In the FE-mesh most of the nodes are located directly in or around the process zone
so that the number of nodes and thus the size of the system of equations are practically
proportional to the maximum amount of crack growth max(∆a) ≈ B0 to be simulated,
see Fig. 3.4. Furthermore, the necessary number of increments per unit of crack growth
is nearly constant. Thus, the numerical effort scales approximately quadratically with the
amount of crack growth to be computed if no remeshing is performed. For a wide fine-
meshed region B0/be  1 it is even difficult to design the transition towards the regular
mesh in the KI-dominated region (Fig. 2.3 on page 21) so that the number of nodes scales
practically even over-linear with B0. Consequently, the amount of crack growth which can
be simulated is limited by the computational effort. All in all, 10, 000 to 20, 000 elements
are used in each of the following simulations. A single simulation requires between 6, 000
and 200, 000 time increments.
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rt
be
Fig. 3.5.: Distorted elements at the crack tip
[96]
Fig. 3.6.: Mesh at the initial crack tip
3.1.4. Initial Crack Tip Blunting
In a first step the initial crack tip blunting is investigated. Technically, this can easily be
achieved by setting the nodal values of the non-local strain εnl to zero everywhere. Then,
the void volume fraction maintains its initial value f0. Consequently, the blunting is only
influenced by f0 and the hardening parameters of the material.
The evolution of the maximum normal stress in the ligament σmaxyy with increasing crack
tip opening displacement δt is depicted in Fig. 3.7. As discussed above, δt is proportional to
the far-field energy-release rate J . The results show, that the stress level of the asymptotic
sharp-crack solutions is reached with reasonable accuracy already when the crack tip opening
displacement reaches more than twice to three times the value of the initial radius at the
crack tip rt. This value is slightly lower than the requirement δt/rt & 5 proposed by
McMeeking [83]. Of course, the particular value depends on the desired level of accuracy.
The distributions of the normal stress σyy in the ligament are plotted in Fig. 3.8 in the
converged state δt/rt ≈ 7 . . . 8. The solution for the low void volume fraction f0 = 0.001
differs hardly from the one for compact material f0 = 0. A considerable drop of the stress
level is observed between f0 = 0.01 and f0 = 0.10.
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Tab. 3.1.: Employed GTN parameters and initial crack tip radii
set # reference f0 fc ff κ rt/Lnl
1 [118] 0.001 0.03 0.13 6.4 0.67
2 [118] 0.01 0.03 0.13 6.4 0.13
3 [118, 119] 0.01 0.05 0.13 7.7 0.17
4 [54] 0.01 0.15 0.25 5.2 0.25
5 [119, 120] 0.1 0.18 0.30 4.1 0.07
6 [119] 0.1 0.30 0.44 2.6 0.13
3.1.5. Crack Initiation
If void growth is activated in the simulations, the crack tip blunting is followed by initiation
of void growth. The material parameters of the GTN-model employed in the following
simulations are orientated at the results of cell model computations [118–120]. In addition,
the parameter set of the original work of Tvergaard and Needleman [54] is incorporated.
All used values are listed in Tab. 3.1 together with the employed initial radii rt at the crack
tip.
The evolution of the void volume fraction f in the ligament with increasing loading is
shown in Fig. 3.9a for parameter set #3 with an intermediate value f0 = 0.01 of the initial
void volume fraction. The void growth starts directly at the crack tip whereas the first
complete failure f = ff occurs at a distance of about xinit ≈ 1Lnl to the initial crack tip
as already noted by Simone et al. [108] and Linse et al. [96]. The reason for this behavior
is, that in the blunting stage the maximum of the hydrostatic stress lies in a distance of
about xσmax ≈ 2δt in front of the crack tip. The GTN-yield condition (2.12) contains the
hydrostatic stress so that dilatational plastic flow occurs at this place. This local flow is the
source of the evolution of the non-local volumetric plastic strain and thus of void growth.
From this location the failure zone grows in positive and negative x-directions and co-
alesces with the main crack. Finally, the crack propagates along the ligament. Fig. 3.9a
proves that the failure boundary condition Eq. (3.25) is met in reasonable accuracy in the
failed region by the employed penalty technique. The figure shows that the void volume
fraction f exceeds the proper final value ff only slightly at x ≈ xinit ≈ 1Lnl, where fail-
ure initiated and the elements are already strongly deformed due to the initial crack tip
blunting.
The distribution of the normal stress σyy in the ligament is plotted in Fig. 3.9b at the
same load levels J as in Fig. 3.9a. After crack initiation the stress profile shifts along the
ligament. Comparing the stresses in Fig. 3.9b with the corresponding blunting solution in
Fig. 3.8, one can see that the maximum stress before crack initiation still lies below the
blunting level by about 8%. This difference is attributed to the compromise which had to
be made with respect to the initial radius rt at the crack tip as described in section 3.1.3.
The evolution of the maximum void volume fraction fmax in the ligament and the crack
tip opening displacement δt with loading is plotted in Fig. 3.10 for two parameter sets.
The graph of δt for pure crack tip blunting is incorporated, too. Fig. 3.10a shows that
for f0 = 0.01 the void volume fraction grows steadily at the beginning when the evolution
of the crack tip opening δt corresponds still to the blunting line. Obviously, the influence
of the initial radius rt at the crack tip decays faster in the evolution of δt than it does
for the maximum stress level in the ligament, compare Fig. 3.7. At a certain point when
the maximum void volume fraction fmax reaches the coalescence value fc, the void volume
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Fig. 3.9.: Evolution of (a) the void volume fraction and (b) the normal stress in the ligament
during damage initiation (f0 = 0.01, fc = 0.05)
fraction accumulates abruptly. The corresponding load level J = Jc can be defined as
fracture initiation toughness. At this point there is a distinct kink in the curve for the crack
tip opening displacement δt in Fig. 3.10a which was defined as initiation event by Gu [69].
Thus, for the low value of the initial void volume fraction f0 = 0.01 it does not make any
practical difference whether the initiation toughness Jc is defined as the point when fmax
reaches the coalescence or failure values fc and ff , respectively, or as the kink point in the
curve of δt.
For the larger initial void volume fraction f0 = 0.10 in Fig. 3.10b there is no such sharp
initiation point. Rather, the void volume fraction fmax increases steadily with the loading J .
Different values of the fracture initiation toughness Jc are obtained depending on the choice
of the mentioned possible definitions. The possible range of Jc is marked in Fig. 3.10b. This
smooth transition to crack growth is attributed to the continuous softening caused by the
pre-critical void growth.
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Fig. 3.11.: Void growth in front of the crack tip (a) at first complete material failure and (b)
during crack growth J = 4.5σ0Lnl (f0 = 0.01, fc = 0.05)
3.1.6. Crack Propagation
The distribution of the increase f − f0 of the void volume fraction around the initial crack
tip is depicted in Fig. 3.11 in the moment of first complete failure of a material point
(Fig. 3.11a) and after some crack growth (Fig. 3.11b). The blunted crack tip is clearly
visible in both stages. During crack propagation a zone of active void growth forms in front
of the current crack tip which moves along the crack plane. Fig. 3.11b indicates that a
nearly linear crack opening profile remains in the wake behind the current tip as predicted
by Rice et al. [121]. The crack tip opening angle (CTOA) can be extracted as a measure of
tearing.
The computed crack growth resistance curves for different values of the void volume
fraction at initiation of coalescence fc are depicted in Fig. 3.12a for an initial void volume
fraction of f0 = 0.01 (parameter sets #2 to #4 in Tab. 3.1) and f0 = 0.001 (parameter set
#1 in Tab. 3.1). Note that a distinct crack initiation point is visible for all of these curves.
The R-curves for f0 = 0.01 share the blunting line since the latter depends on f0 only as
discussed in the preceding section. However, the curves exhibit a slightly concave behavior
due to the void growth preceding the coalescence point fc, compare Fig. 3.10.
The results in Fig. 3.12a indicate that fc affects the fracture initiation toughness Jc
and influences the tearing behavior strongly. For fc = 0.15 a steep and almost linear
tearing occurs up to a multiple of the fracture initiation toughness Jc. The slope of the
R-curve in the initial tearing region reaches nearly that of the blunting line. In contrast,
there is a moderate and degressive tearing for fc = 0.03 and the steady-state toughness
JssR = 3.95σ0Lnl amounts to about twice the initiation value Jc = 2.13σ0Lnl only. The
curve for fc = 0.05 lies in between both graphs. The considerable difference between the
results for fc = 0.03 and fc = 0.05 is remarkable. The curve for the lower initial porosity
f0 = 0.001 exhibits strong tearing as with the set f0 = 0.01, fc = 0.15. The abrupt softening
following a regime of very slow void growth leads to convergence problems which is why no
more crack growth than ∆a ≈ 35Lnl could be simulated with f0 = 0.001.
For the higher initial void volume fraction f0 = 0.10 in Fig. 3.12b there is no such
distinct initiation point as already found in section 3.1.5. In the diagram the points are
marked when f reaches the coalescence and the failure values fc and ff , respectively, for the
first time. These points span a region of continuous crack initiation. Again, this initiation
region as well as the tearing behavior are affected by fc. However, there is only a slight
difference between the curves for fc = 0.30 and fc = 0.45. For fc = 0.45 the points where
fc and ff are reached nearly coincide. Apparently, for such high values of fc the softening
even for f < fc is sufficient to drive the crack so that the particular value of fc has only a
minor effect then.
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The influence of the hardening exponent N on the predicted R-curve is investigated in
Fig. 3.13. The results show that a stronger hardening with N = 0.2 leads to a steeper
blunting line. However, the initial tearing is only moderately affected but the R-curve for
N = 0.2 saturates faster than the one for N = 0.1. It is well-known that the GTN-model
underestimates the effect of the hardening of the matrix material [118, 122, 123]. This
inadequacy applies surely also for the employed non-local modification. For this reason the
other parameters, namely fc, ff and the fitting parameters qi, cannot be considered to be
independent of N but have to be identified after N . The implications of the found effects
of the hardening exponent N are discussed below in sections 5.1 and 6.2.
In the literature there is a number of studies where ductile crack growth is simulated with
a non-local damage model [20, 96, 109–111, 124, 125]. However, these studies are limited to
the simulation of an amount of crack growth of ∆a . 15Lnl since they do not address the
problem of fully failed material. Fig. 3.12 shows that a crack growth of up to ∆a ≈ 250Lnl
could be simulated in the present study with the approach to handle fully failed material as
described in section 3.1.2. However, the numerical effort to simulate even larger amounts of
∆a increases rapidly if no remeshing is performed as explained in section 3.1.3 on page 36.
That is why the steady state at JssR could be reached only for the parameter set #2 from
Tab. 3.1 and for N = 0.2. Both parameter sets lead to a faster saturation of the respective
R-curves, see Figs. 3.12a and 3.13.
In Fig. 3.14 the computed crack growth resistance curves are shown for different levels
of crack tip constraint expressed by the relative transversal stress T
√
Lnl/KI. The values
for the latter are chosen such that the absolute T -stress amounts to about |T | ≈ 0.3σ0 at
fracture initiation J = Jc. Under a high crack tip constraint T = 0.01KI/
√
Lnl the fracture
initiation toughness and at least the initial tearing region differ only moderately from the
solution of ideal small-scale yielding T = 0. In contrast, for a low crack tip constraint T < 0
the R-curve is considerably steeper even shortly after fracture initiation. The latter itself is
less pronounced in the R-curve.
The evolution of the maximum normal stress σmaxyy in the ligament during crack growth
is plotted in Fig. 3.15. The results indicate that under high constraint T ≥ 0 the stress
level increases still slightly during initial crack propagation. In contrast, the stress drops
after fracture initiation for T < 0. Regarding the envisaged application in the ductile-brittle
transition region, this means that under high constraint cleavage can still initiate after an
amount of ductile crack growth, whereas this switching is hardly possible under a low level
of crack tip constraint.
3.2. Lower Ductile-Brittle Transition Region
3.2.1. Model
Before the complete macroscopic model for the ductile-brittle transition with cohesive zone
and non-local GTN-model will be studied, the included special case of absent voids f0 = 0
is considered in a first step. Then, the modified GTN-model reduces to classical Mises-
plasticity. The fracture model to be investigated in this section is sketched in Fig. 3.16.
This model is suitable for the lower-ductile transition region since the cohesive zone
models the cleavage failure but plastic contributions to dissipation are possible during crack
growth. Many simulations with a cohesive zone embedded in Mises plastic bulk material
are documented in the literature (e.g. [47, 81, 84, 126–128]). However, in most of these
studies the ductile failure is modeled by the cohesive zone. An influence of the particular
shape of the cohesive law is reported by Scheider and Brocks [128].
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The following simulations are performed with the bi-linear cohesive law since it offers
the opportunity to investigate the effect of the shape by varying the dimensionless shape
parameter λ. Furthermore, with this law the stable initial and the softening regime are
clearly separated which allows to elaborate studies on the damage initiation as it will be
discussed later in detail.
In contrast to the simulations in section 3.1, no initial radius is incorporated for the
subsequent FE-simulations although the blunting stage with the corresponding strain sin-
gularity is reached asymptotically (as explained below) and the elements at the crack tip
will begin to distort. However, the distorting elements do practically not contribute to the
right hand side in the FE-implementation so that errors in the computed stress fields in
this region do not affect the global behavior or the numerical convergence (in contrast, for
the non-local field problems the distorting elements do still contribute to the non-local right
hand side). Thus, a region of width B0 within the global mesh of the modified boundary
layer (Fig. 2.3) is simply discretized with elements of edge length be as shown schematically
in Fig. 3.17. Note that the depicted mesh is considerable coarser than the ones used in the
following simulations. The necessary mesh resolution be is determined in the following.
3.2.2. Damage Initiation
Damage initiates within the cohesive zone when the maximum stress σmaxyy normal to the
crack plane in the ligament reaches the cohesive strength σc for the first time. If only this
point is considered, the subsequent softening behavior of the bi-linear traction-separation
law does not need to be taken into account but only the linear, initial part as depicted in
Fig. 3.18. (Technically, this can be accomplished by choosing a cohesive strength larger
than the maximum normal ligament stress σmaxbl of the purely blunting crack tip.) Since
the crack does not propagate without softening but remains stationary, inertia need not be
taken into account for this investigation.
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Under these circumstances the only intrinsic length is contained within the initial slope
Ecoh of the cohesive law and can be defined through a relation to the elastic modulus E′
of the bulk material as
Linit =
E′
2Ecoh
. (3.39)
The factor 2 in the denominator is incorporated for convenience as will be shown below.
For the evolution of the maximum normal stress σmaxyy in the ligament, the only relevant
quantities are thus the far-field stress intensity factor KI, the length Linit, the initial yield
stress σ0 and dimensionless parameters describing the elastic-plastic behavior of the bulk
material, namely E/σ0, the hardening exponentN and the Poisson’s ratio ν. A dimensional
analysis allows to specify the functional interrelationship
σmaxyy
σ0
= f
(
KI
σ0
√
Linit
,
E
σ0
, N, ν
)
(3.40)
for the evolution of σmaxyy .
The two limit cases for a small and a large dimensionless loading KI/
(
σ0
√
Linit
)
, re-
spectively, can be identified. For small stress intensity factors the bulk material remains
elastic. As the whole problem is linear then, the maximum stress is proportional to KI
and occurs at the crack tip. Under these conditions the energy release rate J of the elastic
far-field equals the cohesive work at the crack tip J = (σmaxyy )2/(2Ecoh). With relation (2.2)
between KI and J and definition (3.39), the maximum ligament stress can be computed as
σmaxyy =
KI√
Linit
. (3.41)
The corresponding stress distribution in the ligament is depicted in Fig. 3.19. Similar to
the solution of non-local linear elasticity as investigated by Eringen et al. [129], the linear
solution differs from the K-solution substantially only within a region around the crack tip
whose size compares to the intrinsic length Linit. In this sense the initial linear part of the
cohesive law averages the nominal stress state and ensures that softening is not possible
until the critical stress level is reached within a region whose size is comparable to Linit.
This interpretation is similar to the idea of the RKR-model.
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For high loadings KI/
(
σ0
√
Linit
) → ∞ the intrinsic length becomes negligibly small
compared to the size of the plastic zone so that the sketched problem approaches pure
crack tip blunting (equation (3.1)) asymptotically. Thus, between these two limit cases
with increasing loading the location of maximum stress moves from the crack tip towards a
position in front of the tip.
The evolution of the stresses in the ligament with the loading has been investigated
numerically for the linear cohesive law by means of the described finite element model.
Within the fine meshed region around the crack tip an element size of be = 0.125σ0/E Linit
is used. The normal stresses σyy in the ligament are plotted in Fig. 3.20 for a set of
parameters and show the transition from the linear solution to crack tip blunting.
The increase of the maximum normal stress σmaxyy in the ligament with the loading in the
dimensionless form (3.40) is depicted in Fig. 3.21. The diagram also incorporates the linear
solution (3.41) and the value σmaxbl of pure crack tip blunting as asymptote. The point ×
marks the loading level when the maximum stress σmaxyy departs from the crack tip to a
local maximum in front of it for the first time.
As Fig. 3.21 shows the stress σmaxyy has a value of about σmaxyy ≈ 70% . . . 80%σmaxbl at
this point. There, the solution hardly differs from the linear one (3.41). In the dimen-
sionless form the corresponding load KI amounts to about KI/
(
σ0
√
Linit
) ≈ σmaxbl /σ0.
The position xσmax of the maximum stress scales with J/σ0. Hence, in the transition re-
gion the mesh needs to be fine enough to resolve local fields changing within a distance of
J/σ0 = K2I /(E
′σ0) so that the element size be has to be chosen as
be 
(
σmaxbl
σ0
)2 σ0
E′
Linit . (3.42)
For the bi-linear cohesive law this expression can be rearranged to
be  0.5 σc
σ0
λδc = λ
Γ0
σ0
. (3.43)
Thereby, it was taken into account that the maximum stress σmaxyy equals the cohesive
strength σc at the transition point. Consequently, in the transition region the elements
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need to be considerably smaller than the critical cohesive opening δc. The requirements to
the mesh resolution are less strict in the linear range below the transition point where the
stresses around the crack tip vary over distances scaling with Linit only (Fig. 3.19).
Since the whole parameter range is to be investigated including the transition region,
an element size be = 0.2 δc is used for the following computations which is an appropriate
choice as will be shown below.
3.2.3. Crack Propagation
A typical computed crack growth resistance curve is depicted in Fig. 3.22. In the initial
stage the R-curve follows the blunting line before damage initiates as expected from the
considerations in the preceding section. In the stage of crack propagation the curve exhibits
an oscillatory behavior, i.e. after the dynamic propagation the crack arrests and further
loading is necessary to drive the crack again. According to ASTM E 1820 [130] such a
behavior is termed as a pop-in. Finally, a steady-state is reached where the oscillations
repeat at constant load level. In this stage the external load J corresponds to the observable
steady-state fracture toughness JssR .
In Fig. 3.23 crack growth resistance curves are depicted for the same parameter set but
coarser meshes in the ligament. The coarse mesh with be = 10 δc does neither resolve the
initial crack tip blunting nor the local instabilities or the steep initial tearing. With be = 2 δc
and be = 0.5 δc, the pop-ins are already observed. However, the crack tip blunting is not
reproduced correctly until the mesh is refined in the ligament up to be = 0.25 δc. This
finding confirms the considerations from section 3.2.2. Inserting the employed material
parameters σc/σ0 = 3.6, λ = 0.24, the  sign in (3.43) can be concretized to
be . 0.5λ
Γ0
σ0
(3.44)
for the used elements with linear shape functions.
In principle, it would be possible that the pop-ins are induced by waves reflected at the
artificially introduced boundary at radius A0 in the FE-model. The crack velocity ∆a˙ during
dynamic crack propagation is plotted in Fig. 3.24 and indicates a crack arrest after about
0.0004 τL. This span is short compared to the time A0/c ≈ 0.0025 τL (see section 2.1.3 on
page 21) the (faster longitudinal) elastic waves of speed c need to reach the boundary. It has
to be concluded that the crack arrest is an inherent feature of the problem. The reflections
only cause the small disturbance during the forth crack arrest in the curve for the fine mesh
in Fig. 3.22. For extracting the crack growth resistance JR from the simulations by means of
equation (2.9), the crack speed ∆a˙ needs to be computed. Such a numerical differentiation
always roughens the crack growth resistance curve JR −∆a additionally.
Lin and Cornec [126] as well as Tvergaard and Hutchinson [84] simulated crack growth
with a cohesive zone embedded in elastic-plastic material using a rectangular and a trape-
zoidal cohesive law, respectively. The latter authors did not observe pop-ins. However,
their mesh had a minimum element size be = (8 . . . 10) δc in the process zone which does
not fulfill condition (3.44). Fig. 3.22 shows that with the present model and a compa-
rable mesh resolution be = 10 δc, pop-ins are not observed either. Presumably the mesh
resolution employed in [126] and [84] is too coarse to resolve possible pop-ins. Roth [88]
and Siegmund and Needleman [47] employed an exponential cohesive law as described in
section 2.3.1 for simulations of crack growth with a cohesive zone within elastic-plastic ma-
terial. Using a fine mesh these authors obtained local instabilities for particular parameter
sets, too. Likewise, Lin et al. [131] as well as Li and Siegmund [132] and Alfano and Musto
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[133] observed local instabilities with cohesive zone models of homogeneous strength within
a layered elastic-plastic material. Apparently, local instabilities occur due to the interaction
of plastic deformations and cohesive softening.
In order to investigate this mechanism the local fields are considered in the present
simulations. For the simulations from Fig. 3.22, the evolution of the cohesive damage D
(according to definition (2.28)) in the ligament is depicted in Fig. 3.25. It shows, that the
pop-in occurs when the first point becomes completely damaged. However, this point does
not lie at the crack tip but in front of it. The mechanism is as follows. The complete
loss of the stress-carrying capacity in a distance in front of the crack tip corresponds to the
formation of a secondary crack. The latter shields the plastic zone of the main crack tip
leading to elastic unloading within this region. The missing contribution of the unloading
zone to the plastic dissipation results in a decreasing crack growth resistance. Subsequently,
the secondary crack tip begins to blunt and the work required for the plastic deformation
of the formed crack tip is responsible for the anew increasing crack growth resistance. The
secondary crack induces an unloading zone in front of its own tip and the mechanism repeats.
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The residual plastic strains in the wake behind the current crack tip as depicted in Fig. 3.26
evidence the periodic behavior.
However, after the formation of the secondary crack the next local instability occurred
already before a further crack was induced. Apparently, partly softening in front of the
secondary crack tip and unloading of the surrounding material is sufficient for a locally
decreasing crack growth resistance. Nevertheless, the plastically deformed ligament between
primary and secondary crack persists until several periods of the mechanism have been
passed. The formation of unloading zones during local instabilities is also reported by
Siegmund and Needleman [47].
The crack growth resistance curves for other values of the ratio of cohesive strength σc
to initial yield stress σ0 are depicted in Fig. 3.27 on the facing page. As expected, the crack
growth resistance JR increases with higher ratios σc/σ0. For σc/σ0 = 3.2 the resistance
JR decreases asymptotically after a first local maximum. Local instabilities are observed as
soon as the plastic contribution JR − Γ0 to the crack growth resistance JR exceeds about
50% of JR. This is the case for σc/σ0 ≥ 3.3.
3.2.4. Shape of the Cohesive Law
In order to investigate the influence of the shape of the cohesive law, first of all the dimen-
sionless shape parameter λ of the bi-linear law is varied. The crack growth resistance curves
obtained for different values are depicted in Fig. 3.28. The wavelength ∆ainst of the oscil-
lations in the R-curve decrease with increasing λ as well as their amplitude. Additionally,
larger values of λ cause a delayed damage initiation, i.e. a higher value JR at the deviation
from the blunting line in Fig. 3.28. This has the consequence that for high values of the
shape parameter λ the first pop-in occurs already at the load level of the steady-state frac-
ture toughness JssR . In contrast, for low values of λ the load can be further increased after
the first crack arrest which corresponds to a higher crack arrest potential. The steady-state
fracture toughness JssR itself is, however, only moderately influenced by changes of λ for the
bi-linear law. This statement holds also for other values of σc/σ0 (not shown here).
In Fig. 3.29 one of the R-curve (λ = 0.24) for the bi-linear cohesive law is compared
to the curve for the exponential cohesive law for the same cohesive strength computed by
Roth [88]. In contrast, a considerably higher steady-state toughness is obtained with the
exponential cohesive law which has a shape parameter of λ = 0.18 (equation (2.27)). The
R-curve for the exponential law exhibits only a small difference of the level of the first local
maximum compared to the global maximum. This means that the crack arrest capability
is relatively low. The wave length ∆ainst computed with the exponential law is similar to
the value with the bi-linear approach and λ = 0.24 due to the similar shape factor λ, i.e.
the cohesive strength σc is reached at a similar value of the separation δ.
The particular values of ∆ainst are plotted in Fig. 3.30. The results exhibit an almost
linear dependence ∆ainst ≈ (1 − λ)L0 independent of the cohesive strength. The figure
includes also the data for the exponential cohesive law (λ = 0.18) for σc/σ0 = 3.2 . . . 3.45
by Roth [88] which fit into the found interrelationship.
The reason for the dependency of the period ∆ainst on the shape parameter λ is that a
higher value of λ means that the softening region of the traction-separation relation becomes
steeper in favor of a smaller initial slope. But the faster the cohesive zone softens the faster
the damaging region in front of the crack tip forms a secondary crack and unloading zones
that shield its predecessor.
The question arises how to define the fracture toughness Jc for such differently shaped
R-curves. For the case of pure cleavage failure, the approach of Tvergaard and Hutchinson
[134] is employed here who defined the global maximum of the respective R-curve as Jc. For
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the R-curves in Fig. 3.27 this means that Jc corresponds to the steady-state crack growth
resistance JssR for σc/σ0 ≥ 3.3 and to the only local maximum for σc/σ0 = 3.0. With this
definition, Jc represents the fracture toughness measured in a sufficiently large specimen if
the initial crack growth is not monitored.
The obtained values of the fracture toughness Jc are compared in Fig. 3.31 with results
for other cohesive laws from literature. As found above the particular shape of the cohesive
law has a considerable influence on the predicted fracture toughness. A clear influence of
the shape of the law on the predicted crack growth resistance for a cohesive zone embedded
in elastic-plastic material is also reported by Scheider and Brocks [128]. In section 3.2.2
on page 43 it was shown that with the bi-linear cohesive law, or more general a cohesive
law with linear initial range, cohesive softening cannot initiate if the cohesive strength σc
lies above the maximum normal stress of the purely blunting crack tip. Correspondingly,
this stress level forms a vertical asymptote in Fig. 3.31 as already stated by Tvergaard
0
1
2
3
0 1 2
J
R
/Γ
0
∆a/L0
bi-lin. λ = 0.24
bi-lin. λ = 0.48
bi-lin. λ = 0.72
0
1
2
3
4
5
6
7
8
0 1 2
J
R
/Γ
0
∆a/L0
exponential [88]
bi-lin. λ = 0.24
Fig. 3.28.: Crack growth resistance curves for dif-
ferent values of the cohesive shape pa-
rameter λ (σc/σ0 = 3.4)
Fig. 3.29.: Crack growth resistance curves
for different shapes of the cohe-
sive law (σc/σ0 = 3.4)
50 3. Macroscopic Model and Simulations
0
1
0 1
∆
a
in
st
/L
0
λ
bi-lin. σc = 3.6 σy
bi-lin. σc = 3.4 σy
exponential [88]
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and Hutchinson [84]. However, this argumentation does not hold for other shapes of the
cohesive law and so indeed the graph of the exponential shaped law in Fig. 3.31 seems to
have another vertical asymptote which lies at a lower stress level. This different asymptote
explains the difference to the results of the bi-linear law in Fig. 3.29 on the previous page.
Presumably, the curvature in the upper part of the increasing branch of the exponential
cohesive law reduces the plastic deformations before the initiation of softening so that the
stress level σmaxbl of pure crack tip blunting cannot be reached.
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Fig. 3.31.: Fracture toughness Jc for different shapes of the cohesive law
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3.2.5. Crack Tip Constraint
The effect of the crack tip constraint is investigated again by means of the bi-linear co-
hesive law since firstly the damage initiation point can independently studied (as done in
section 3.2.2) and secondly the effect of the shape of the cohesive law can be addressed by
the shape parameter λ. As described for the general boundary layer model in section 2.1.2,
the crack tip constraint can be changed by incorporating a non-vanishing T -stress as second
term of the Williams-series (2.1). For the envisaged case of proportional loading the ratio
KI/T needs to be related to a characteristic material length.
If the point of possible softening initiation is considered again for the bi-linear cohesive
law, the only intrinsic length scale is Linit so that the T -stress has to be specified as a
dimensionless value T
√
Linit/KI (see also section 2.1.2). The evolution of the maximum
normal stress σmaxyy at the ligament with loading is plotted in Fig. 3.32 analogous to Fig. 3.21
but for different T -stresses. The initial regime is not affected by a change of T since the
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Fig. 3.32.: Evolution of the maximum stress σmaxyy in the ligament before initiation of softening
for different crack tip constraint
field-problem is linear there. The graphs for T > 0 do hardly differ from the one for ideal
small-scale yielding T = 0. This means that the maximum attainable stresses remain high.
Thus, those states can be referred to as a high level of crack tip constraint. For T < 0, only
a lower maximum stress level can be reached corresponding to a low crack tip constraint.
Thus, if possible softening with the bi-linear cohesive law is considered for T < 0, the
maximum cohesive strength σc falls for which softening is still possible at all. Vice verse
this means that for a given cohesive strength σc/σ0 there is a maximum negative ratio
T
√
Linit/KI for which softening can initiate at all.
This influence of the T -stress is reflected in the crack growth resistance curves which are
obtained if the softening behavior is incorporated now again. The R-curves obtained with
the complete bi-linear cohesive law are plotted in Fig. 3.33 for different levels of crack tip
constraint. The curves are normalized again to the cohesive work of separation and the
52 3. Macroscopic Model and Simulations
associated reference length L0 as in the preceding sections 3.2.3 and 3.2.4. In Fig. 3.33 the
ratio of T -stress and KI is specified relative to the initial yield stress σ0 and the reference
cohesive crack growth resistance K0 (Eq. (2.26)). The length scale contained in the ratio
KI/T is thus related to the reference length L0 of the cohesive zone model by K0/σ0 =√
3piL0.
The correspondingly computed R-curves are plotted in Fig. 3.33 for different levels of
crack tip constraint. The results show that for a negative transversal stress T < 0 the model
predicts a considerable higher crack growth resistance compared to ideal small-scale yielding
T = 0. For T > 0 damage initiates at a lower load level. Note that for higher compressive
transversal stresses T < 0 the first pop-in already occurs at the load level of the steady-state
crack growth resistance whereas for T > 0 the load can be further increased after each of the
first pop-ins, i.e. there is considerable crack arrest potential. In the latter case the R-curve
does not reach a steady-state until about ten pop-ins occurred. The wave length ∆ainst of
the local instabilities is hardly influenced by the T -stress. The small disturbances in the
R-curves can be attributed to wave reflections due to the finite extent of the FE-model.
In Fig. 3.34 the crack growth resistance curves are plotted for two values of the cohesive
shape parameter λ for the same proportionally applied positive transversal stress T/σ0 =
0.09KI/K0. Fig. 3.34 shows that besides the already discussed influence on the wave length
of the oscillations, λ affects the tearing behavior strongly. For λ = 0.72 the difference
between crack growth resistance at fracture initiation and the fracture toughness Jc amounts
to about 50%, whereas for λ = 0.24 the R-curve saturates at more than twice the initiation
value. As for T = 0 (in Fig. 3.28 on page 49) the fracture initiation toughness is higher for
λ = 0.72 compared to λ = 0.24.
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Fig. 3.35 shows the effect of compressive transversal stresses T < 0 on the R-curves
for several values of the relative cohesive strength σc/σ0. The particular loading ratios
(T/σ0)/(KI/K0) are chosen such that the softening branch of the cohesive law is reached at
all, since the maximum stress in the ligament σmaxyy does not attain a high value σc/σ0 = 3.6
for strong compressive T -stresses loading as shown above (compare Fig. 3.32 on page 51).
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For low values of σc/σ0 hardly any plastification occurs so that the crack growth resis-
tance is determined by the cohesive work of separation only and even large T -stresses do
not have any effect. For σc/σ0 = 3.2 the plastic contribution to the crack growth resistance
is still small for vanishing transversal stress T = 0. However, plastic dissipation increases
with increasing compressive transversal stress. This leads to oscillations in the R-curves.
Nevertheless, a pop-in with crack arrest occurs for an intermediate and a large T -stress ratio
T/σ0 = −0.05KI/K0 and T/σ0 = −0.25KI/K0 only. With T/σ0 = −0.18KI/K0 the first
local maximum of the R-curve is also the global maximum thus excluding the possibility of
crack arrest. Note the large amounts ∆a . (0.8 . . . 0.9)L0 of stable crack propagation by
cleavage which are predicted for σc/σ0 = 3.2, T/σ0 ≤ −0.18KI/K0.
For a high cohesive strength σc/σ0 = 3.6, pop-ins occur and even small changes of the
T -stress influence the global maximum (=Jc) of the respective R-curve considerably. Again,
the crack arrest potential, i.e. difference between the first local maximum of the R-curve
and Jc, decreases for higher compressive T -stresses.
The fracture toughness is plotted in Fig. 3.36 over the T -stress reached at J = Jc.
Here, the stress intensity factor Kc =
√
E′Jc equivalent to Jc is used since the diagram is
more clear this way. The limit lines of damage initiation for negative T -stresses are also
incorporated, i.e. the loading paths with the maximum ratio T/KI for which softening can
still initiate at all as extracted from Fig. 3.32. As mentioned, for lower values of the cohesive
strength σc ≤ 3.2 the fracture toughness Kc is hardly affected by the T -stress for T ≥ 0
and lies only slightly above the crack growth resistance K0 =
√
E′Γ0 of the cohesive zone.
However, in this region of σc the toughness is already considerably influenced by a decreasing
constraint T < 0. The toughness values Kc lie still in a distance to the corresponding limit
lines. For higher values σc/σ0 & 3.4 the damage initiation limit lines come closer to the
ordinate axis and seem to be reached asymptotically for increasing compressive T -stresses.
In addition, in this range of σc/σ0 also tensile T -stresses have an effect on the toughness.
The values Kc even increases again for T & 0.3σ0.
For a particular fracture experiment the ratio of T -stress and stress intensity factor KI
contains an information about the specimen size. This fact can be expressed by the biaxiality
ratio β = T
√
pia/KI as explained in section 2.1.2 on page 19. In order to demonstrate the
effect of the specimen size for low-constraint specimens β < 0, the (interpolated) data of
Fig. 3.36 are replotted in Fig. 3.37 against the ratio of cohesive strength σc and initial yield
stress σ0 for several ratios of crack length a and intrinsic length L0.
In the ductile-brittle transition region the yield stress σ0 increases in general considerably
with decreasing temperature. If the cohesive strength σc is considered to be a temperature-
independent material parameter, then a lower temperature corresponds to a lower ratio
σc/σ0, i.e. the temperature increases in Fig. 3.37 from left to right. Starting from the
constraint-independent lower-shelf toughness Γ0, the plastic contributions to the dissipation
and thus the crack growth resistance increases with increasing temperature. The steep
increase of the graphs in Fig. 3.37 corresponds to the respective ductile-brittle transition.
The position of this region in Fig. 3.37 depends on crack tip constraint, i.e. on the specimen
size a and type (by β). For smaller specimens of low constraint-type β < 0, the transition
occurs for lower values of σc/σ0 corresponding to a lower transition temperature which is
in accordance with experimental experience as outlined in the introduction (section 1).
The isochoric-plastic matrix material used here can undergo arbitrary large plastic de-
formations and thus the attainable crack growth resistance is theoretically unlimited. In
real materials ductile mechanisms limit the possible plastic deformations. Thus, the plastic
contribution Jc − Γ0 is limited and for correspondingly higher values of σc/σ0 fracture will
not initiate by cleavage but by a ductile mechanism if a respective model is added. This
suggested behavior is sketched in Fig. 3.37 by the shaded area.
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3.3.1. Model
If the crack propagation in the whole ductile-brittle transition region is to be simulated both
damage mechanisms need to be incorporated by embedding a cohesive zone in a non-local
GTN-material as depicted in Fig. 3.38. The investigations on the influence of the shape
of the cohesive law in section 3.2.4 indicate that the bi-linear as well as the exponential
cohesive law lead to similar qualitative results for the predicted crack growth behavior.
None of both laws can be preferred for concrete physical reasons. The smooth shape of the
exponential law is numerical advantageous and an implementation with quadratic elements
non-local GTN
cohesive zone
plastic
zone rpl
A0 rpl
KI
KI
T
rt
be
cohesive
elements
Fig. 3.38.: Macroscopic model for crack prop-
agation in the whole ductile-brittle
transition region
Fig. 3.39.: Mesh at the initial crack tip with
radius rt and cohesive elements
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is directly available so that this law is used for the cohesive zone in the following numerical
simulations. If not stated otherwise, the parameters of the bulk material, namely the initial,
coalescence and failure void volume fraction, are chosen with f0 = 0.01, fc = 0.05 and
ff = 0.13 (parameter set #3 in Tab. 3.1 on page 38) resulting in medium tearing behavior
and a fracture initiation toughness of Jc = 3.05σ0Lnl in the upper-shelf as computed in
section 3.1.6. The cohesive work of separation is set to Γ0 = 1/3σ0Lnl if not stated otherwise.
This choice corresponds to a ratio of the fracture initiation toughness in the lower (Γ0) and
upper shelf of about 9. This is a realistic value as the comparison with experimental data in
section 6.4 will show. With this choice the length scales of both damage mechanisms have
a ratio L0/Lnl = 12.9.
A typical mesh used in the process zone is shown in Fig. 3.39. Due to the expected
initial crack tip blunting a finite radius is included at the initial crack tip as elucidated
in section 3.1.1. Continuum and cohesive elements with quadratic shape functions for the
displacements are used. In the numerical simulation only a half-model needs to be employed.
The cohesive elements and the vanishing normal displacement in the symmetry plane are
only sketched in Fig. 3.39 but the symmetry condition is implemented again as described
in section 2.3.2 on page 25.
Regarding the size be of the elements at the ligament two restrictions hold. Firstly, the
convergence study for the pure non-local model by Linse et al. [96] show that the elements
need to be quite smaller than the intrinsic length Lnl with be . 0.25Lnl, see section 3.1.3.
For a cohesive zone embedded in elastic-plastic material it is derived in section 3.2.2 that
the elements need to be considerably smaller than Γ0/σ0, see (3.44). The latter constraint
is the stricter one for the envisaged material parameters, i.e. the intrinsic length scale of the
cohesive zone determines the necessary mesh resolution. In the following, elements of the
size be = (0.08 . . . 0.16)Γ0/σ0 are employed at the ligament. This choice violates criterion
(3.44) even slightly. However, (3.44) was obtained with elements with linear shape functions.
In the following elements with quadratic shape functions are used so that moderately larger
elements are admissible compared to (3.44).
3.3.2. Crack Propagation
Firstly, the case of ideal small-scale yielding with vanishing transversal stress T = 0 is inves-
tigated. Crack growth resistance curves obtained for several values of the ratio of cohesive
strength σc and initial yield stress σ0 are depicted in Fig. 3.40. The respectively active
damage mechanism is marked. For low values of σc/σ0 . 2.6 the crack growth resistance
JR is controlled by the cohesive work of separation only (JR ≈ Γ0) as expected. For an
increasing ratio σc/σ0 the crack growth resistance increases due to plastic deformations at
the crack tip. For σc ≤ 3.05σ0 the crack propagates only due to softening in the cohesive
zone, but in the range 2.6 . σc/σ0 ≤ 3.05 plastic dissipation already contributes consid-
erably to the crack growth resistance JR and the plastic part J
pl
R = JR − Γ0 even exceeds
the cohesive work of separation Γ0. However, due to the cohesive softening the R-curve
decreases slightly after crack initiation leading to a dynamic crack propagation.
For higher values σc/σ0 > 3.1 the crack propagates by ductile failure only and the
corresponding R-curves in Fig. 3.40 exhibit distinct stable tearing. The R-curve obtained
in section 3.1.6 for pure ductile failure is reached asymptotically for σc/σ0 →∞.
For σc/σ0 = 3.07 and σc/σ0 = 3.1 both softening mechanisms are active. The ductile
crack growth following the crack tip blunting leads to an initial tearing region which is
interrupted by cleavage. This mechanism induces a decreasing crack growth resistance and
thus dynamic crack propagation. However, the crack growth resistance increases again
subsequently ending up in an oscillating R-curve. These local instabilities are attributed to
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the cyclic formation of plastic deformation and unloading zones, see section 3.2.3. Again,
in this region the predicted crack growth resistance is very sensitive with respect to small
deviations of σc/σ0.
In Fig. 3.40 also the points are marked which are defined as fracture initiation event
with the corresponding toughness Jc. For cleavage Jc corresponds to the maximum of the
respective R-curve whereas the distinct kink in the R-curve is defined as fracture initiation
in the ductile regime, see sections 3.1.5 and 3.2.3. Note that in the upper ductile-brittle
transition region σc/σ0 ≥ 3.07, the fracture initiation toughness Jc does only change mod-
erately with increasing σc/σ0, whereas the toughness “reserve” up to the maximum JmaxR
does still increase considerably due to tearing.
The extracted toughness values are plotted in Fig. 3.41 against the relative cohesive
strength σc/σ0 for different ratios σ0Lnl/Γ0. The curves exhibit the sharp transition between
cleavage and ductile failure. The asymptotic values Jc = 3.05σ0Lnl for purely ductile failure
σc/σ0 → ∞ from section 3.1 are incorporated in the figure, too. Since Jc is normalized
with respect to Γ0 in Fig. 3.41, an asymptotic line σc/σ0 → ∞ is given for each value of
σ0Lnl/Γ0. The difference between the fracture toughness in the lower and in the upper shelf
is controlled by the ratio σ0Lnl/Γ0. If this ratio decreases, then the transition zone between
both branches becomes less sharp as the results for σ0Lnl/Γ0 = 1.0 indicate. The diagram
contains also the data for the limit σ0Lnl/Γ0 → ∞. In this case the plastic zone is small
compared to Lnl so that the non-local strain εnl is zero and the void volume fraction remains
at its initial value f0 everywhere. Technically, this case can easily assessed by fixing the
nodal values of εnl at zero everywhere. For σ0Lnl/Γ0 → ∞ a maximum cohesive strength
of σc/σ0 ≈ 3.3 forms a vertical asymptote in Fig. 3.41 behind which no failure occurs but
only crack tip blunting (as with the cohesive zone in Mises material in section 3.2.4). The
results in Fig. 3.41 show that the ductile-brittle transition is shifted to higher values of
σc/σ0 with increasing σ0Lnl/Γ0.
For a relative cohesive strength σc/σ0 = 3.1 and Γ0 = 1/3σ0Lnl it was found in Fig. 3.40
that cleavage initiates after ductile tearing. In order to investigate this behavior the evolu-
tion of the normal stress σyy in the ligament is shown in Fig. 3.42. In the initial stage I the
cohesive zone opens at the crack tip. Therein, the rising branch of the cohesive law limits
the stresses at the crack tip. If the size of the highly stressed region became comparable
to the characteristic separation δ0 of the reversible part of the cohesive law, the softening
branch of the cohesive law would be reached. This behavior can be interpreted as an RKR-
like criterion, see section 3.2.2. However, for the parameter set under consideration, the
material begins to plastify first so that the influence of the cohesive zone is limited and the
crack tip begins to blunt in stage II with increasing loading J . Again, this process stops
when the size of large plastic deformations (which is about 2δt) reaches the region of the
non-local length Lnl. Then, the averaging of the plastic deformations over Lnl causes an
increase of the non-local volumetric plastic strain εnl resulting in an increasing void volume
fraction f . Subsequently, the void volume fraction reaches the coalescence value fc and the
following accelerated effective void growth leads to ductile crack propagation in stage III.
In this regime the maximum normal stress is located to some extent in front of the fully
failed material and shifts through the ligament. However, during this process the maximum
stress level increases slightly (compare Fig. 3.15 on page 41) finally reaching the cohesive
strength σc. At this point the cohesive softening initiates at the location of the maximum
stress, which marks the transition to stage IV. The cohesive zone softens in a distance in
front of the already failed ductile zone and finally a secondary crack is formed which leads
to a pop-in as found in section 3.2.3 on page 46. The secondary crack coalesces with the
main crack and propagates further by cleavage in stage V at constant load level.
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The evolution of the position xδmax of the respective maximum cohesive separation δ is
plotted against the loading J in Fig. 3.43 for several values of the cohesive strength σc.
The point is marked when the softening branch of the cohesive law is reached for the first
time at max(δ) = δ0. In addition, the point of fracture initiation J = Jc is incorporated
according to the definition given above (compare Fig. 3.40 on the preceding page). The
regime between these two points corresponds to the process of cleavage initiation. In the
absence of relevant plastic deformations (σc/σ0 . 2.6), cleavage initiates directly at the
crack tip. In contrast, for higher values of σc/σ0, when plastic deformations dominate the
crack tip fields, cleavage initiates practically at the position of the maximum stress of the
corresponding solution for pure crack tip blunting. For σc/σ0 = 3.07, local ductile failure
precedes cleavage initiation such that the location xδmax of maximum cohesive separation
is shifted upwards correspondingly.
The void volume fraction remaining in the wake behind the current crack tip, i.e. near the
fracture surface, is depicted in Fig. 3.44 (in the undeformed configuration) for the parameter
sets in the transition region. In the lower transition region for σc/σ0 = 3.05 (Fig. 3.44a)
there is still only cleavage but a stretch zone with void growth is already formed at the
initial crack tip. Behind, a vortex-like pattern is observed due to local instabilities decaying
to a uniform field. For higher plastic deformations with σc/σ0 = 3.07 (Fig. 3.44b), ductile
failure occurs in the stretch zone before the cracks propagates by cleavage. In contrast
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60 3. Macroscopic Model and Simulations
0.0003
f − f0 = 0.001
0.003
0.0005
10Lnl
0.003
0.005
(a)
10Lnl
0.10
0.03
0.01
0.003
0.006
0.001
f − f0 = 0.003
0.006
ductile
(b)
0.10
0.03
0.01
f − f0 = 0.006
0.003
0.001
0.10
0.03
0.01
0.006
0.003
10Lnl
ductile cleavage ductile
(c)
Fig. 3.44.: Void volume fraction f in the wake behind the current crack tip for (a) σc/σ0 = 3.05,
(b) σc/σ0 = 3.07, and (c) after crack arrest for σc/σ0 = 3.10
3.3. Complete Ductile-Brittle Transition Region 61
to the case σc/σ0 = 3.05, the zones of local void growth do not decay here in the final
regime but form a repetitive pattern. For σc/σ0 = 3.10 in Fig. 3.44c the initial ductile zone
is considerable wider. Furthermore, the cleavage crack arrests in this case and continues
propagating by the ductile mechanism.
3.3.3. Crack Tip Constraint
In the following the influence of the crack tip constraint is investigated by considering a
non-vanishing T -stress. As in section 3.2.5, the lower-shelf toughness K0 (with respect to
the stress intensity factor) is taken as reference together with the initial yield stress σ0 for
the ratio of T and KI.
The computed crack growth resistance curves are depicted in Fig. 3.45. The parameter
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Fig. 3.45.: Crack growth resistance curves for different levels of T -stress
sets employed for this figure are chosen such that the crack propagates by cleavage only
and that the computed crack growth resistances JR are of similar magnitude. As expected
from the results in section 3.2.5, a negative T -stress leads to a considerable amount of
stable crack propagation by cleavage and a higher fracture toughness, whereas a positive
T -stress promotes pop-ins. For T/σ0 = −0.4KI/K0 the crack propagates even stably until
the T -stress reaches the limiting value which corresponds to a complete plastification of
the material caused by the uniaxial compression in the far-field (see section 2.1.1, equation
(2.3)). This stable crack propagation under strong negative T -stresses was already found
in section 3.2.5 (see Fig. 3.35 on page 54).
In a real specimens the crack tip constraint changes during crack propagation. Especially
in commonly used bending specimens, the constraint increases with crack growth which
limits the observed stable crack propagation. In order to investigate this effect, simulations
of a shallow-cracked SENB-test are performed since experiments with such a specimen will
be considered in section 6.4. The employed mesh is shown in Fig. 3.46. The process zone
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Fig. 3.46.: FE-mesh for shallow-cracked SENB-specimen (a/W = 0.15)
is meshed like in the boundary layer model, see Fig. 3.39. A specimen of size W = 100Lnl
is used with a relative crack length of a/W = 0.15. This ratio of W and Lnl is realistic
as will be seen in section 6. Quasi-static loading conditions are ensured through a relative
time of load application of W/cs = 1.5 · 10−4 τL. For simplicity plane-strain elements are
employed again. According to Sherry et al. [135] the biaxiality ratio for the considered
SENB specimen can be calculated as
β = −0.429 + 0.699 a
W
+ 1.683
( a
W
)2 − 2.745( a
W
)3
+ 1.875
( a
W
)4
(3.45)
which gives β = −0.295 for a/W = 0.15. Together with the specimen size W and the used
material parameters, a relative T -stress of
T
σ0
=
β√
pi
·
√
W
a
·
√
E′
σ0
·
√
Γ0
σ0Lnl
·
√
Lnl
W
· KI
K0
= −0.47KI
K0
(3.46)
is obtained. This value is comparable to T/σ0 = −0.4KI/K0 used above with the modified
boundary layer model. The shallow-cracked SENB-test is evaluated according to ASTM E
1820–11 [130]1.
The simulated load-deflection curves P − uLLD are plotted in Fig. 3.47 for several pa-
rameter sets together with the amount of crack growth ∆a. (The striker force P is defined
here per unit thickness.) The results show that the crack grows considerably before an
unstable point duLLD/dP = 0 in the load-displacement curve is reached2. Beyond this
point the equilibrium path shows a snap-back, i.e. there is no equilibrium solution if the
load-line displacement uLLD is further increased so that the problem becomes dynamic
as sketched in Fig. 3.48. This unstable point is marked in the computed load-deflection
curves in Fig. 3.47. However, it has to be noted that the crack velocity ∆a˙ depends on the
difference between applied driving force and crack growth resistance (see section 2.1.2 on
page 20). This difference rises steadily beyond the unstable point and so do ∆a˙ and the
1The norm [130] suggests the determination of the J-integral by means of the crack-mouth
opening displacement (CMOD) for shallow-cracked SENB-specimens. The CMOD corresponds
to the horizontal displacement of the bottom-right corner node in Fig. 3.46.
2 For J-controlled fracture the P − uLLD-curve is obtained through the solution of the system
P = fP (uLLD,∆a) , J (uLLD,∆a) = JR (∆a) . (3.47)
In the vicinity of the current point the inversion of the second equation and thus a solution
of the system for dP/duLLD is only possible for dJ/d∆a 6= dJR/d∆a which corresponds to
the classical condition for stable crack propagation.
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Fig. 3.47.: Load-displacement curves for shallow-cracked SENB-specimen (marked by ◦: point of
transition towards dynamic crack propagation)
kinetic energy. In contrast to the critical load-line displacement, the crack growth ∆a at the
unstable point can scarcely be determined very accurately from the numerical simulations
due to the steady increase of ∆a˙ and kinetic energy. This can also be seen in the transition
of the graph of ∆a towards a vertical line in Fig. 3.47.
The obtained R-curves are depicted in Fig. 3.49. Either the formulas in ASTM E 1820
for a stationary crack (“ASTM ∆a = 0”) or those for a growing crack (“ASTM with ∆a”)
are used. The extracted critical points are marked as in Fig. 3.47. The ASTM-formulas are
also applied beyond this point (which cannot be determined accurately with respect to ∆a
as discussed above), where the procedures are not valid anymore but just to show the trend.
The curves from the semi-infinite crack model for T/σ0 = −0.4KI/K0 with σc/σ0 = 2.3
and σc/σ0 = 2.5 are incorporated in Fig. 3.49, too. The parameter set σc/σ0 = 2.7 was
not investigated with the latter model since the corresponding simulation with σc/σ0 = 2.5
shows already the limits of the semi-infinite crack approach.
The results in Fig. 3.49 show that up to the critical point there is hardly any difference
whether ∆a is incorporated for the evolution or not. For σc = 2.3σ0 the R-curves obtained
with the semi-infinite crack match the ones from the SENB-test quite well. This applies
also for the initial parts of the curves for σc = 2.5σ0. However, for this ratio the crack
propagates stably up to the complete plastification under fully embedded yielding with
KI-T -loading. In contrast, in the SENB-specimen an unstable point is finally reached at
about ∆a ≈ 11Lnl. This amount of growth corresponds to about 10% of the widthW of the
dynamic
crack
propagationpath
equilibrium
unstable point
uLLD
P
snap-back in
Fig. 3.48.: Unstable point in the load displacement curve
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Fig. 3.49.: Crack growth resistance curves for shallow notched SENB-specimen
specimen where the biaxiality ratio has already dropped from β = −0.295 at the initial state
∆a = 0 to β = −0.173 according to equation (3.45). This indicates a considerable increase
of crack tip constraint, which leads to the final transition to dynamic crack propagation.
The same behavior is obtained with the parameter set σc = 2.7σ0 in the SENB-specimen.
Typically, experiments with pure cleavage are evaluated with the formulas for a stationary
crack only and the fracture toughness Jc is defined as J at the point of initiating dynamic
crack propagation. Here, on the other hand, the lack of an accurate determination of ∆a
at the unstable point has only a minor influence on the extracted J since the R-curves are
practically horizontal in this regime in Fig. 3.49.
The obtained values of the fracture initiation toughness Jc are plotted in Fig. 3.50 versus
the ratio of cohesive strength and yield stress together with the results for the semi-infinite
crack. The T -stress does not affect the lower-shelf toughness since the bulk material behaves
purely elastic in this region. For purely ductile behavior in the upper shelf, a positive T -
stress has a moderate influence only, whereas a low constraint T < 0 leads to a higher
fracture toughness as found in section 3.1.6. Furthermore, the loss of constraint causes
a shift of the ductile-cleavage transition region towards lower values of σc/σ0. Especially
the change from T/σ0 = −0.2KI/K0 to T/σ0 = −0.4KI/K0 leads to a considerable shift.
For T/σ0 = −0.4KI/K0 and σc/σ0 = 2.5 no dynamic crack propagation initiates at all as
shown above which is why only the final point of complete plastification can be inserted
in the diagram. In the SENB-specimen the crack tip constraint increases during crack
propagation as already explained. That is why, the corresponding curve in Fig. 3.50 comes
into the range of that for T/σ0 = −0.2KI/K0 despite the different initial relative T -stress
of the SENB-specimen of T/σ0 = −0.47KI/K0.
3.3.4. Initial Void Volume Fraction
The crack growth resistance curves for the higher initial void volume fraction f0 = 0.10
under ideal small-scale yielding T = 0 are plotted in Fig. 3.51. Again, a transition from
cleavage towards ductile crack propagation is observed for an increasing ratio of cohesive
strength σc and initial yield stress σ0. The absolute value of σc/σ0 < 2 at which the
transition occurs is considerably smaller than with a lower value f0 = 0.01. The reason is
the lower maximum macroscopic stress level which can be reached during initial crack tip
blunting due to the presence of voids as found in section 3.1.4 (see Fig. 3.8 on page 37).
Furthermore, the investigations in section 3.1.6 showed that no distinct point of crack
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Fig. 3.50.: Influence of the crack tip constraint on the fracture initiation toughness Jc
initiation occurs for pure ductile failure σc/σ0 → ∞ with f0 = 0.10. Rather, the void
growth near the crack tip and the subsequent softening initiate continuously.
In Fig. 3.51 the regions are marked wherein the crack propagates by the ductile mecha-
nism or by cleavage, respectively. Remarkably, in the lower ductile-brittle transition region
for σc/σ0 = 1.7, the crack grows only by cleavage but nevertheless in a stable manner. In
the upper transition regime this stable cleavage even switches to ductile failure with ongoing
crack propagation whereupon the respective R-curve tends to the purely ductile one.
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Fig. 3.51.: Crack growth resistance curves in the ductile-brittle transition region for f0 = 0.10,
fc = 0.30, ff = 0.44
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4.1. Ductile Region
4.1.1. Model
For the micro-mechanical simulations crack propagation is investigated for a semi-infinite
crack as described in section 2.1.1 but now the voids in the process zone are resolved
discretely. Many studies with models of this type contributed to a deep understanding of
ductile crack propagation. Typically,the voids are idealized as cylinders in plane models
[21, 64–67, 73–75, 136], as spheres [69–72] or as ellipsoids [68]. In all of these investigations
the zone with discrete voids is embedded in a compact region having the same elastic and
isochoric plastic properties like the intervoid matrix material. This is not consistent since
the homogenized void-matrix composite is expected to show dilatational plastic flow and
a lower elastic stiffness. No studies were performed regarding the necessary number of
voids to be resolved discretely although this might be essential especially if a multiple void
interaction mechanism occurs.
Another point is the eventual rupture of the severely strained micro-ligaments due to
secondary damage mechanisms like the formation of slip bands or nucleation of secondary
voids. Petti and Dodds [21], Gao et al. [68], Kim et al. [71], Tvergaard [73], Tvergaard
and Hutchinson [74] defined a critical value of the relative ligament necking. If this value
is reached they assumed an immediate loss of the material cohesion in the corresponding
intervoid ligament. Implementing a node-release technique in the FE-model, this assump-
tion allowed to simulate the crack propagation. Tvergaard and Hutchinson [74] and Kim
et al. [71] found an influence of the critical relative ligament necking on the predicted crack
growth resistance. The problem is how to relate this particular critical value to secondary
damage mechanisms which cause failure of intervoid ligaments in real materials.
In the present study cleavage is intended to be included in a further step as the only
secondary damage mechanism. For this reason, at first no assumptions are made regarding a
critical value of the reduction of the intervoid ligaments but the effective crack propagation
is considered only due to microscopic plastic collapse, i.e. by the geometric softening of
the intervoid ligaments without any secondary damage mechanism (“internal necking”).
Correspondingly, the matrix material is described by Mises-plasticity. The one-parametric
power law (2.20) is employed for the hardening again. As with the macroscopic models,
a ratio of Young’s modulus and initial yield stress of E/σ0 = 333 is chosen and the
hardening exponent is set to N = 0.1 if not stated otherwise. In the following simulations
the voids are resolved discretely within a considerably larger region (compared to the cited
studies) around the crack tip and a convergence study is performed regarding the necessary
dimensions of this process zone. The material of the surrounding compact zone is described
consistently by the classical GTN-model representing the homogenized behavior outside the
process zone adequately since no void coalescence occurs in this region (see section 2.1.1
on page 17). Due to the large expected numerical effort and in order to gain principal
insight, a plain model with circular holes is considered which corresponds to an infinitely
thick specimen with cylindrical voids. The model is sketched in Fig. 4.1. Since no void
coalescence occurs in the region where the GTN-model is applied, the actual porosity f
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Fig. 4.1.: Semi-infinite crack under mode-I-loading with discrete microstructure
is equal to the effective one f∗. The heuristic parameters q1 and q2 of the GTN-model
were introduced by Tvergaard [52] to fit the model to the results of computations on cell
models with cylindrical voids. Within that study the value of the void volume fraction of
the cylindrical pores (equal to the area fraction of the circles in the plane) was used for
the porosity f giving the fitted values q1 = 1.5 and q2 = 1. This definition is adopted
here. In principle the yield curve σ¯ = f(ε¯) of the matrix in the yield condition (2.12) should
correspond to (2.20). However, as it will be shown below in section 4.1.2, a slight calibration
is necessary to improve the fit of the GTN-model to the behavior of the unit cells in the
relevant range of strains.
The effective elastic properties Eeff and νeff of a material with cylindrical voids under
plane strain can be found in text books, e.g. in [77]. The values used in the following are
summarized in Tab. 4.1. With these effective values, the far-field energy release rate is
J =
K2I
(
1− ν2eff
)
Eeff
. (4.1)
Several regular arrangements of voids relative to each other and to the crack plane are
investigated. The cubic primitive and hexagonal basic patterns are employed. A sketch
including the used abbreviations and symbols is shown in Fig. 4.2. Correspondingly, the
initial void volume fraction can be computed for both basic patterns as
cubic: f0 = pi
(
R0
X0
)2
, hexagonal: f0 =
2pi√
3
(
R0
X0
)2
. (4.2)
Tab. 4.1.: Effective elastic properties for a Poisson’s ratio of the matrix ν = 0.3
f0 0.00087 0.0035 0.014 0.056
Eeff/E 0.997 0.990 0.96 0.86
νeff 0.2999 0.2995 0.293 0.290
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Fig. 4.2.: Void arrangements: (a) cubic primitive and (b) hexagonal
In the process zone, an array of discrete voids is resolved discretely. In direction of crack
growth between 40 and 140 discrete voids are incorporated depending on the amount of
crack growth to be simulated. Several of such layers of discrete voids are employed in the
model as sketched in Fig. 4.1. Section 4.1.3 will deal with the necessary number of layers.
A measure for the amount of crack growth ∆a needs to be defined in order to extract crack
growth resistance curves. In the macroscopic model ∆a is defined as the distance from the
initial crack tip to the current position of the maximum normal stress at the ligament, see
section 3.1.1. With the micromechanical model the true stresses in each intervoid ligament
increase steadily with ongoing (and unlimited) deformation of each intervoid ligament so
that the maximum true stress is always located in the first intervoid ligament. Furthermore,
no material decohesion in the intervoid ligaments is incorporated in the ductile regime, so
that the current crack tip cannot be defined by the end of the zone of fully separated
material. Nevertheless, at appropriate loading the intervoid ligaments soften geometrically
so that the active softening zone and thus the active plastic zone move macroscopically
corresponding to an effective crack growth. Here, the effective crack tip is defined in a
smeared sense as the center of the currently active softening zone as sketched in Fig. 4.3.
Thereby, the relative width χi = Wi/W0 of each intervoid ligament in the crack plane is
ligaments i
1
0
χ
∆a
x/X0 initial crack tip
Fig. 4.3.: Smeared measure of crack extension Fig. 4.4.: Finite element mesh near the crack
tip
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taken as weight and the effective crack growth is computed as
∆a = X0
nlig∑
i=1
(1− χi) . (4.3)
Therein, W0 and Wi denote the width of the ligament i in the initial and in the current
configuration, respectively. In the relevant range the elastic part in the deformations of
the intervoid ligaments is negligible so that there is practically no difference whether ∆a
is evaluated according to (4.3) during the crack growth or after unloading. Models with
discrete voids in front of the crack tip were also employed by Gu [69] and Chew et al. [137]
who defined the effective crack tip similarly as a particular point of the active softening
zone. If enough discrete voids along the crack plane are incorporated in the model, a steady
state is expected to be reached where the softening zone shifts congruently (as discussed in
section 2.1.1). At the latest in this stage, the exact definition of the current effective crack
tip has no significance anymore. For the cp-45° and hex-30° configurations eq. (4.3) cannot
be adopted easily. Necessary modifications will be pointed out at appropriate positions.
Again, only a half boundary layer model needs to be meshed due to symmetry rea-
sons. Since large plastic deformations occur in the intervoid ligaments and no remeshing
is performed during the simulation, the mesh needs to be sufficiently fine. Nevertheless,
the elements at the surface of the voids experience several hundred percent of straining and
distort after some time. However, this does not occur until the respective intervoid ligament
deforms mainly in a uniaxial mode, which can still be represented adequately. A typical
mesh as used for the simulations near the crack tip is shown in Fig. 4.4. Quadrilateral
elements with quadratic shape functions and reduced integration are used.
4.1.2. Cell Model for Calibration
In the present model the uniformly distributed voids are resolved discretely in the fracture
process zone and are taken into account in a homogenized way by means of the GTN-model
outside this zone. Thus, the parameters of the GTN-model need to be calibrated so that
the behavior of the porous material is captured in the relevant range of straining. In the
simulations of the fracture process with the fracture model the (equivalent plastic) strain
outside the discretely resolved zone is in the range of 1 to 2% and the in-plane stress state
has a low level of biaxiality.
For the calibration simple cell model computations have been performed as depicted in
Fig. 4.5. Due to the mirror symmetry of the configuration, the condition of plane boundaries
in the cell model coincides with periodic boundary conditions.
The obtained stress-strain curves are plotted in Fig. 4.6 in comparison to those of the
GTN-model. Firstly, the parameters given by Tvergaard [52] were employed (denoted
“GTN” in Fig. 4.6), which where obtained as fit to exactly the same cell model as in-
vestigated here. Tvergaard [52] employed also the in-plane area fraction of the void as
porosity f which corresponds to the void volume fraction of the equivalent model with an
infinitely long cylindrical void. However, Tvergaard [52] focused on the later stages of void
growth. The results in Fig. 4.6 show that behavior of the cell model is captured quite well
with this parameter set but the stress level is slightly overestimated in the relevant range
of straining.
The relative difference of the stresses between cell model and GTN-model with original
parameters is practically independent of the levels of strain and biaxiality. That is why it
is not reasonable to modify the GTN parameters q1 and q2. Instead, the matrix yield curve
σ¯ = f(ε¯) of the GTN-model was calibrated. Thus, not the “true” yield curve of the matrix
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material in the discrete void region is taken for σ¯ = f(ε¯) but the nominal matrix initial
yield stress σ¯0 in the GTN model is slightly scaled down compared to the actual value σ0.
With this calibration, a very good agreement with the results of the cell model is obtained
as Fig. 4.6 shows. The fitted values of the GTN initial matrix yield stress σ¯0 are given in
Tab. 4.2 for all investigated values of the initial porosity f0.
The anisotropy with respect the elastic and plastic behavior due to the regular void
arrangement was investigated with further cell model computations not shown here. In
addition to the situation above where the principal axes of loading are aligned parallel to
the lattice axes ([1 0] and [0 1]), computations with 45° rotated axes of loading ([1 1] and
[1 -1]) were performed. The sections of the unit cell in the numerical model were chosen
appropriately. The relative difference between the results with parallel and rotated principal
axes of loading lies below one per mill in the relevant range of straining and can thus be
neglected. This finding holds for the difference between cubic and hexagonal arrangement,
too.
4.1.3. Crack Growth by Plastic Collapse
Fig. 4.7 shows the deformed state of the voids in the process zone for cubic-primitive ar-
rangement cp-0° for different stages of loading. The evolution of the width D of some voids
(as defined in Fig. 4.7b) in the crack plane with increasing loading J is plotted in Fig. 4.8a.
The given numbers of the voids are counted in the crack plane starting from the first void
in front of the initial crack tip. It shows that the first voids grow one after another until all
voids grow successively when the limit load Jlim is reached. This limit load corresponds to
the macroscopic fracture toughness. According to the definition of crack growth (4.3) as a
measure of accumulated void growth the effective crack growth resistance curve in Fig. 4.8b
Tab. 4.2.: Fitted initial matrix yield stress σ¯0 of the GTN-model
f0 0.00087 0.0035 0.014 0.056
σ¯0/σ0 0.996 0.985 0.95 0.90
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(a)
D
(b)
Fig. 4.7.: Deformed configuration (a) in the initial region J = 0.26σ0X0 and (b) in a later stage
J = 0.98σ0X0 (f0 = 0.014, cp-0°, marked: cell to be considered in the following in
Fig. 4.11)
is obtained. As with the macroscopic models above, the crack growth resistance curve is
normalized with respect to a material length scale. Here, the distance X0 of the voids is
chosen as reference.
The distribution of the current relative width reductions 1−χ of the intervoid ligaments
with ongoing deformation is depicted in Fig. 4.9. It can be seen that after an initiation
phase, a damage profile forms which is finally shifted congruently along the crack plane
in a steady state of crack growth. This shifting of the softening zone (and thus of the
active plastic zone) corresponds effectively to crack growth. This result shows that material
degradation or decohesion is not inevitably necessary for crack propagation. Rather, the
plastic collapse of the intervoid ligaments is sufficient to induce crack growth. Fig. 4.9 shows
that the damage profile becomes somewhat flatter with the transition from the initial to
the steady state as already found by Tvergaard [73].
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In the steady-state regime the active damage zone encompasses about 15 voids. This
is the minimum number of discrete voids to be incorporated in the numerical model along
the crack plane in order to observe the plastic collapse mechanism, a number which is
not reached in many studies in the literature [64, 66, 70, 71, 74]. Even if enough discrete
voids are resolved along the direction of crack growth as in [21, 73], the evaluation of crack
initiation can be problematic if a critical value χc of the relative ligament width χ is taken
as criterion. If this value χc is small enough effective crack growth initiates due to plastic
collapse of the microligaments as with the present model (where χ decreases asymptotically
towards zero). The problem is that the number of discretely resolved voids along the crack
plane is limited in the numerical model. Inevitably, the active softening zone finally piles up
at the end of the region of discretely resolved voids. At this point the first micro-ligament
has a finite width depending on the number of discrete voids. So if the critical relative
width χc is chosen below the value at pile-up it happens that, although enough discrete
voids may have been incorporated to observe an effective crack growth by plastic collapse,
the computed toughness is already in the pile-up region and thus has to be considered as a
numerical artifact.
Since no remeshing is performed in the present study, the elements in the intervoid
ligaments in the wake behind the current effective crack tip distort when the active softening
zone moves sufficiently far away. The numerical accuracy decreases in this region and finally
the field quantities computed at the strongly distorted elements in the wake behind the
currently active softening zone become even completely worthless. However, this numerical
inaccuracy does not affect the global behavior if it is ensured that the elements provide
sufficiently accurate results until the active softening zone passed away. Then, the ligaments
in the wake behind the active softening zone are contracted so strong that inaccuracies in
the computed true stress do not affect the nominal stress anymore. The latter vanishes
practically and so do the contributions to the nodal forces. For the present configuration,
strains of several hundred percent have to be resolved accurately which occur in the left
tails of the steady-state void growth profiles in Fig. 4.9. The employed meshes as shown in
Fig. 4.4 fulfill this requirement.
In the present model the uniformly distributed voids are accounted for in a homogenized
way where possible. They are resolved discretely only where necessary. In order to determine
the size of the region where discrete voids have to be incorporated, the number of layers
of discrete voids is varied. Enough voids are incorporated along the direction of crack
growth to reach a steady state as found above. The following numbers of layers refer to the
half model used in the FE-simulations. For instance, Fig. 4.7a shows three layers of voids
according to this nomenclature. It is expected that convergence of the fracture behavior
with respect to the number of layers of voids is achieved since the homogenized constitutive
approach should describe the material behavior adequately in sufficiently large distance to
the fracture process zone, at the latest in the elastic region.
The question arises how many layers of voids have to be resolved discretely so that the
homogenized material model outside the process zone describes the behavior adequately.
For this reason the number of layers of discrete voids is varied. The obtained effective crack
growth resistance curves are plotted in Fig. 4.10a. The results show that by incorporating
more layers of discrete voids, the tearing region of the R-curve becomes considerably wider
and that the limit load toughness Jlim increases. Convergence is not reached until ten layers
of voids (in the half model) are resolved discretely. Thus, the height of the zone with discrete
voids corresponds to almost one third of the height of the plastic zone in the steady state.
Obviously, there is a strong shielding effect by the voids in the plastic zone. It was already
found by Gao et al. [68] that a second layer (in the half-model) of voids decelerates the
growth of the voids in the crack plane. Pardoen and Hutchinson [138] employed a damage
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cell model and reported on a higher computed crack growth resistance if void growth around
the crack plane is taken into account.
Fig. 4.10b shows the R-curve computed with ten layers of voids and the standard GTN
parameters, i.e. without the fit performed in section 4.1.2. A comparison of this curve
with the already converged curve obtained with fitted parameters and the same number of
layers indicates, that a change of a few per cent in the GTN matrix yield stress σ¯0 leads to
differences of about 10% in the limit load toughness Jlim. More layers of voids are necessary
with the standard GTN parameters than with the fitted ones in order to reach a converged
state at which the model is consistent.
Furthermore, a R-curve computed for the “classical“ case of a single layer of voids with
identicalMises plasticity behavior in the intervoid ligaments and in the homogeneous, com-
pact region is incorporated in Fig. 4.10b. This model does not include the void shielding
effect and thus underestimates the tearing modulus and the limit load toughness consid-
erably. This large difference of the crack growth resistance for the classical single layer
model and the consistent one with uniformly distributed voids exceeds the deviation of the
Young’s modulus of about 5% between both approaches by far. In addition, the R-curve of
the model with a single layer of voids increases again when the active plastic zone reaches
the end of the zone of discrete voids. Then, the last discrete void blunts only and the
model is not valid anymore. The latter applies as well if the GTN-model is employed for
the homogenized material. In this case the deformation localizes within one row of elements
when the active process zone reaches the end of the discretely resolved region. The results
given in the following exclude regions of such inconsistent interactions.
The observation, that ten layers of discrete voids need to be included to reach a converged
state although the GTN material parameters were fitted to the behavior of a unit cell in
the relevant range of straining is remarkable. In order to investigate the reasons for this
behavior, the evolution of the stress state of the cell marked in Fig. 4.7b on page 72 is
investigated (in the converged model with ten layers of voids). The macroscopic stress Σij
of the cell is computed as the mean of the local stresses σij over the area A of the cell:
Σij =
1
A
∫
A
σij dA . (4.4)
The current void volume fraction f is obtained according to Koplik and Needleman [118] as
1− (1− f0) A0
A
− (1− f0) A0
A
Σ11 +Σ22
2K′
. (4.5)
The initial area of the cell is A0 = X20 . The last term in (4.5) accounts for the elastic part
of the growth. In contrast to [118], in the present 2D-model (i.e. with cylindrical voids)
the last term incorporates only the in-plane components with the corresponding ”in-plane
compression modulus“ K′ = 0.5E/(1 − ν − 2ν2). The obtained void volume fraction f is
plotted in Fig. 4.11 against the far-field loading. In addition, the diagram incorporates the
principal values ΣI, ΣII and ΣIII of the macroscopic stress tensor and the graphs for the
angle ϕI between the first principal stress direction and the direction of crack growth.Firstly,
it is found, that ΣII corresponds always to the out-of-plane stress Σ33. Furthermore, the
third principal stress ΣIII vanishes practically all the time, i.e. the stress state in the plane
is more or less uni-axial. However, a view on the evolution of ϕI shows, that the direction
of the first principal stress ΣI rotates. At the beginning, the principal stress is directed
normal to the crack plane (ϕI = 90°). With ongoing loading, the angle ϕI decreases and
finally, the main principal stress is directed parallel to the direction of crack propagation
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Tab. 4.3.: Number of employed layers of voids in the half model
f0 0.00087 0.0035 0.014 0.056
cp-0° 16 16 10 10
hex-0° − − 14 14
cp-45°&hex-30° − 17 17 17
(ϕI = 0°). The evolution of the out-of-plane stress Σ33 = ΣII in Fig. 4.11 corresponds
to the general observation that under plane plastic deformations the out-of-plane stress
Σ33 = ΣII approaches about the mean of the in-plane principal stresses (ΣI and ΣIII)
[139]. Furthermore, Fig. 4.11 shows, that the void volume fraction f increases almost linearly
before f remains constant beyond J/ (σ0X0) & 0.6. At this load level the crack starts to
propagate (compare Fig. 4.8b on page 72) and thus the cell unloads. The fact, that so
many layers of voids are necessary in the simulations of the crack propagation, implies,
that the GTN-model does not capture the material behavior of such a unit cell under the
described complex loading history sufficiently well. One point is, that the GTN-model is
based on the limit load analysis of Gurson [50, 51] for a representative volume element
with a spherical void within a rigid ideal-plastic matrix. In the mentioned publications,
Gurson presented also a similar model but for a cylindrical void. This model could be also
employed for the homogenized material behavior in the present study. At this point, it
cannot be stated whether such a model can describe the material response under rotating
loading with hardening matrix more accurately. Possibly, only very few layers of discrete
voids could be saved in the envisaged simulations of ductile crack propagation, if the material
model for the homogenized behavior were further optimized. However, the computational
time would be hardly shorter since the cells in the outer layers can be and are relatively
coarse-meshed. The most nodes are located in the strongly deforming regions in and near
the crack plane. For this reason, the model for the homogenized material is not further
modified. Another point, which could lead, in principle, to discrepancies, is the coupling in
the numerical model between the regions with discrete voids and homogenized material. In
a further simulation not shown here, the boundary of the last cells at the connection to the
homogenous region was fixed to remain planar as in the cell model. This did not lead to
any noteworthy change.
For the following simulations with the fitted GTN-parameters, the necessary numbers of
discrete void layers are estimated based on the fraction (about one third) of the plastic zone
which had to be modeled with discrete voids in the example above. The employed numbers
are given in Tab. 4.3. The consistency of this choice was verified for some configurations
with a second simulation with one or two additional layers in each case.
4.1.4. Material Parameters and Void Arrangement
The influence of the hardening exponent N is examined in Fig. 4.12. It shows, that the
higher the hardening exponent is, the higher is the limit load fracture toughness and the
more crack growth ∆a is necessary until the R-curve saturates. A lower hardening exponent
of N = 0.05 leads to an about 50% lower steady-state fracture toughness compared to the
results for the value N = 0.1 used for the other studies. Furthermore, the difference of the
latter curve to that for N = 0.2 is remarkable. Though, it should be noted that the GTN-
model in the homogenized region presumably overestimates the dilatational plastic flow for
N = 0.2 [122] and thus possibly also the shielding effect. This problem is attributed to
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Fig. 4.11.: Characteristics of the mean stress state of a unit cell (marked in Fig. 4.7b on page 72)
in the plastic zone
the construction of the GTN-model which was derived for an ideal-plastic material and was
only heuristically extended towards a hardening matrix. A further convergence study with
respect to the number of layers of discrete voids would be necessary to address this problem,
which is, however, skipped here since a FE-simulation with N = 0.2 necessitates more than
ten times as much increments than a comparable one with N = 0.1. The computational
effort is that higher since smaller strain increments are necessary to achieve a similar stress
increment. Nevertheless, the qualitative finding for N = 0.2 should hold.
The effective crack growth resistance curves for several values of the initial porosity f0 are
depicted in Fig. 4.13. As expected, the limit load toughness Jlim decreases with increasing
f0. In addition, the tearing region becomes wider for higher values of the initial porosity.
This observation corresponds to the transition from a void by void growth to a multiple
void mechanism [74].
The evolution of the relative width χ of the ligament between the initial crack tip and
the first void is plotted in Fig. 4.14. It shows that for low porosities there is a linear initial
region due to crack tip blunting followed by a second, nearly linear section. This transition
point between both region corresponds to the initiation of void growth (compare Fig. 4.8a).
The second region is also observed for a higher porosity f0 = 0.056. However, there is no
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distinct transition from the initial stage anymore. Again, this is attributed to the multiple
void mechanism. In this context it has to be recalled that within the present simulations the
initial radius of the crack tip is set equal to the initial void radius which is larger for higher
porosities. In the numerical model the elements at the surface of the respective ligament
distort such that χ can hardly be evaluated reliably anymore in the final stages χ . 0.1.
Gu [69] defined the fracture initiation toughness Jc at the point of initiating void growth,
whereas Aravas and McMeeking [66] extrapolated the linear, second regime towards zero
thickness χ→ 0 to obtain Jc. For instance for f0 = 0.014, these definitions result in values
of Jc = 0.4 and Jc = 0.9, respectively, as marked in Fig. 4.15. The difference is similarly
pronounced for the other porosities f0.
Fig. 4.16 shows the reduction of the relative width χ of the ligaments in the crack
plane around the current crack tip at steady-state crack propagation. In contrast to the
initial stage the influence of the initial porosity f0 is only moderate. A distinct void by
void mechanism cannot be identified anymore even for small porosities as already noted by
Tvergaard [73].
Deformed configurations for other void arrangements than cubic cp-0° are depicted in
Fig. 4.17. In the hex-30° configuration the void next to the initial crack plane lies 30°
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Fig. 4.16.: Profile of the relative reduction of the width of the intervoid ligaments around the
current crack tip in the steady-state (cp-0°)
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Fig. 4.17.: Deformed configuration for (a) for hex-30° in the wake behind the current crack tip
and (b) for cp-45°at J = 3.5σ0X0 (f0 = 1.4%)
inclined to the latter and a diffuse damage zone is observed whose width decreases with
ongoing deformation, Fig. 4.17a. In the steady-state mainly the voids in the crack plane
and the nearest ones next to the crack plane grow, leaving a diffuse zone of grown voids and
remanent bridges between the crack plane voids in the wake behind the currently active
softening zone. Due to the left bridges of width W remi definition (4.3) of effective crack
growth cannot be applied reasonably. Therefore, it is modified for the hex-30° configuration
as
∆a =
√
3
2
X0
nlig∑
i=1
1− χi
1−W remi /W0
. (4.6)
Thereby, ligaments i are counted between the voids in the crack plane and the factor
√
3/2
accounts for the geometry in the hex-30° arrangement.
For the hex-0° arrangement mainly the voids in the crack plane grow as with cp-0° and
a deformed configuration is not shown here.
The obtained effective crack growth resistance curves are depicted in Fig. 4.18. The
R-curves computed for cp-0° and hex-0° are similar and the reached values of the limit load
toughness differ by about 20%. This plausible difference can partly be attributed to the
slightly wider initial width of the intervoid ligaments for the hexagonal configuration due
to the higher packing density for the same porosity.
For the hex-30° arrangement a considerable higher toughness is obtained than for cp-0°
and hex-0° due to the large plastic deformations in the wider and diffuse damage zone. In
addition, the formation of the diffuse damage zone leads to a more distinct and almost
linear tearing region.
In the cp-45° configuration the crack branches completely, see Fig. 4.17b. In this case it
was necessary to refine the FE-mesh around the additionally affected voids. (This applies
to the second layer of voids with hex-30° as well). For the cp-45° arrangement none of the
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definitions (4.3) or (4.6) of the amount of crack growth ∆a could be applied. The current
center of the softening zone is thus extracted manually as the center of the currently active
softening zone in the 45° inclined branch projected onto the crack plane as in [62]. The
dimensions of the branching zone scale approximately with the size of the plastic zone and
thus with J . This linear characteristic is indicated as an arrow in Fig. 4.18. Effects of a
diffuse damage zone and crack bifurcation have been already reported by Tvergaard and
Needleman [63] for a model with different arrangements of islands of nucleating voids around
the crack tip.
Regarding the considerably differing quantitative and even qualitative results between the
void arrangements, the question arises about reference to reality. Complete crack branch-
ing is observed for the cp-45° arrangement. In more realistic models with stochastic void
arrangements such a branching would of coarse be limited. Nevertheless, the crack propa-
gation toughness would presumably be considerably higher than for the outstanding cp-0°
and hex-0° models. Such a larger but limited zone of void coalescence is observed with the
hex-30° configuration which gives thus possibly a better approximation of the behavior of
models with stochastically distributed voids.
The limit load toughness values Jlim are plotted in Fig. 4.19. They were computed for
the different void arrangements and for a single layer of 24 up to 40 voids embedded in
isochorically yielding material (Mises-plasticity). Furthermore, results from literature are
incorporated in the figure. If a crack growth resistance curve reaching a steady-state was
given in the literature then the steady-state crack growth resistance JssR is plotted whereas
in other cases the published fracture initiation toughness Jc is depicted. The toughness
values given in [66, 70] are obtained by extrapolation of the initial stage of growth of a
single void and are not included here.
Comparing the collapse results for a single layer of voids embedded in Mises-material
to those of the consistent model (enough voids, GTN around), it is recognized at first from
Fig. 4.19 that the graphs are nearly parallel in a wide range. This means that the relative
difference between both becomes smaller for decreasing values of the initial porosity but
remains relevant. This is plausible as the difference between isochoric and the consistently
homogenized dilatational plastic behavior reduces with decreasing porosity.
The trend of the results of the present study complies well with the results of Rice and
Johnson [97] (although absolutely at a lower level). These authors computed the local fields
around a blunting crack tip and evaluated possible void growth subsequently by means of
the Rice-Tracey model [140]. The latter was obtained semi-analytically by investigating
the growth of a void in an infinite medium under homogeneous far-field loading. It is
to be expected that the trend predicted by the approach of Rice and Johnson [97] with
respect to Fig. 4.19 becomes the more accurate, the lower the initial void volume fraction
f0 is. The reason is as follows. For very low f0 the void radius R0 is very small compared
to the void distance X0 and thus to the distance to the initial crack tip. If the far-field
loading is applied, initially the plastic zone is small compared to X0 and the initial crack
tip blunts since there is no interaction with the void. Consequently, the stress field (3.1)
associated with blunting grows self-similarly with J/σ0. At some point when J/σ0 becomes
comparable to X0, fringes of the stress profile σ = σ0f(x/(J/σ0))(Fig. 3.8 on page 37)
reach the void. But since the whole profile scales with J/σ0 so do the distances over which
gradients occur. Thus, the latter are comparable to X0 which is assumed to be much
larger than the void radius R0. Consequently, the void and the region within a distance
comparable to R0 experience practically an undisturbed, homogenous far-field stress state,
whereby this stress increases as the blunting stress profile σvoid = f(X0/(J/σ0)) moves
over the void. Such an practically undisturbed, homogenous far-field stress state is exactly
the assumption of the Rice-Tracey model. The lower the initial void volume fraction f0
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is, the longer is the void growth undisturbed and the assumptions of the Rice-Tracey
model hold in the approach of Rice and Johnson [97]. However, the Rice-Tracey was
obtained for a rigid-plastic matrix. Huang et al. [141] showed that the Rice-Tracey model
underestimates, not insignificantly, the void growth for the same geometric arrangement but
with elastic-plastic matrix. From this point of view, the absolute level of the predictions
by Rice and Johnson [97] in Fig. 4.19 might be too high but the predicted trend should be
correct for low f0.
However, in Fig. 4.19 the results of Kim et al. [71] and Tvergaard and Hutchinson [73,
74] show a different trend. The data points of Tvergaard [73] even seem to have a vertical
asymptote. Presumably, this behavior is attributed to the pile-up of the active softening
zone at the last discrete void. Kim et al. [71] and Tvergaard and Hutchinson [74] incor-
porated only up to six voids which is less than the number of 15 necessary to attain the
steady-state. Tvergaard [73] resolved enough voids but used a very small value χc of the
relative ligament width as definition of crack initiation. Such a strong ligament necking is
not reached until the active softening zone already reached the last discrete void.
4.2. Ductile-Brittle Transition Region
4.2.1. Model
For the micromechanical simulations of the ductile-brittle transition, the model with discrete
voids of section 4.1.1 is extended by a cohesive zone for cleavage failure as sketched in
Fig. 4.20.
KI
r  X0
homogenised: GTN
matrix: Mises
X0
2R0
cohesive zone
cohesive
elements
Fig. 4.20.: Semi-infinite crack under mode-I-
loading with discrete microstructure
and cohesive zone
Fig. 4.21.: Microscopical model: Mesh at
the initial crack tip with cohe-
sive elements
The following investigations deal with the cp-0°-configuration since, in contrast to hex-
30° or cp-45°, the largest deformations are known from section 4.1 to occur in the crack
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plane where cohesive elements can be placed now. It is expected that considerable more
increments than in the purely ductile regime will be necessary in the numerical simulations
with the present model due to the transition between both damage mechanisms. For this
reason the following investigations focus on an initial void volume fraction of f0 = 0.014,
since the necessary number of elements is smaller here than with lower values of f0. The
results of section 4.1 yielded that for f0 = 0.014 the ductile fracture initiation mode lies in
the transition between mechanisms of void-by-void growth and multiple void interaction.
For the cleavage mechanism a cohesive work of separation of Γ0 = 0.1σ0X0 is considered
if not stated otherwise. The lower-shelf fracture toughness should be slightly below Γ0 and
the upper-shelf toughness is about Jlim = 1.1σ0X0 as found in the preceding section so that
a ratio of lower to upper-shelf toughness of about ten is expected. This value lies in the
range of the results of the macroscopic model in section 3.3.
The exponential cohesive law is used for the same reasons as given in section 3.3.1. The
mesh is extended by cohesive elements as depicted in Fig. 4.21. Elements with quadratic
shape functions are employed. Again, Fig. 4.21 sketches only the cohesive elements and
the vanishing normal displacement in the symmetry plane. But the symmetry condition is
implemented as described in section 2.3.2 on page 25.
Again, an appropriate measure of crack growth needs to be defined, which accounts
for crack propagation by ductile and/or cleavage failure. In this context it needs to be
mentioned that with the present model the intervoid ligaments will fail finally always by
softening in the cohesive zone. The reason is that in the ductile regime the intervoid
ligaments undergo arbitrary straining. Since the hardening of the matrix material does
not saturate (as e.g. with a Voce-law), arbitrary large true stresses could be reached in
the intervoid ligaments. The effect of the hardening is compensated at some point by the
geometric softening and vanishes finally as discussed in the preceding section. Since the
cohesive law is formulated with respect to the true stress, the cohesive strength is reached
inevitably at some point and the softening branch of the cohesive law is reached even in or
near the ductile regime. The difference between crack propagation due to cleavage or void
coalescence is thus, whether the softening in the cohesive zone is preceded by geometric
softening of the intervoid ligaments or not. That is why the amount of cohesive damage
or the location thereof is not suitable to define the effective crack tip. In the following a
definition analogous to (4.6) is adopted:
∆a = X0
nlig∑
i=1
1− χi
1−W remi /W0
. (4.7)
Again,W remi is the width of the intervoid ligament i remaining in the wake behind the active
softening zone. The denominator in (4.7) corresponds to the relative necking remaining in
the wake behind the current effective crack tip. Thus, a summand is zero if the respective
intervoid ligament i is undeformed χi. But an intervoid ligament i contributes 1·X0 if it has
already reached its final state W remi . It has to be noted that this definition is not useful if
dissipation occurs only in the cohesive zone without any plastic deformations in the matrix
material. However, slight plastic deformations are expected to occur in the envisaged range
where the lower shelf becomes already distinct.
4.2.2. Decohesion of the Intervoid Ligaments
The deformed state of the voids in the process zone is shown in Fig. 4.22 at different stages of
loading for a ratio of cohesive strength to initial yield stress of σc/σ0 = 4.3 which lies in the
upper ductile-brittle transition region. As expected the crack tip blunts and the voids grow
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Fig. 4.22.: Deformed configuration (a) in the initial region J = 0.50σ0X0 and during ligament
decohesion (b) J = 0.79σ0X0, (c) J = 0.94σ0X0 (σc/σ0 = 4.3)
in the initial stage (Fig. 4.22a) before the normal stress reaches the cohesive strength σc
in the first intervoid ligament, which gets finally separated. Correspondingly, the intervoid
ligaments retain a finite width W rem. Figures 4.22b and 4.22c indicate that the separation
does not initiate at the ligament surface where the largest plastic deformations occur but in
the center of the respective intervoid ligament, so that the decohesion at the surface is the
final step. Correspondingly, the fracture surface of the intervoid ligament has a cup-cone
shape.
It was discussed above that with the present model, the difference between the ductile
and cleavage mechanism is, whether the plastic collapse of the intervoid ligaments and the
associated geometric softening precedes the softening in the cohesive zone or not. In order
address this question, the cohesive separation δi within the intervoid ligaments i is plotted
Fig. 4.23 together with the corresponding values of the relative void necking 1−χi. The δi
is given as the mean value of the separations δ at both surface of the respective intervoid
ligament i. The plotted separations δi are normalized with respect to δ0, the characteristic
separation at the apex of the cohesive law at which the softening initiates in the cohesive
zone (see section 2.3.1 on page 23). As in the purely ductile regime (section 4.1.3), a profile
of void necking 1− χ is formed, which finally shifts along the crack plane congruently. The
graphs of the respective cohesive separation δ are parallel as well but a relevant separation
δ ≥ δ0 does occur only behind the zone of active ductile softening, i.e. the latter mechanism
is the dominant one for this parameter set. Accordingly, a high crack growth resistance is
obtained, which lies in the range of the limit load fracture toughness Jlim = 1.1σ0X0 of the
4.2. Ductile-Brittle Transition Region 85
0
0.2
0.4
0.6
0.8
1
1.2
0 5 10 15 20
0
2
4
6
8
10
12
14
16
18
20
1
−
χ
i
δ i
/δ
0
intervoid ligaments i
1− χ
δ
J = (0.60,0.82, 0.92,
1.01, 1.10, 1.18)σ0X0
Fig. 4.23.: Evolution of the ligament reduction and of the cohesive separation in the softening
zone for σc/σ0 = 4.3
corresponding purely ductile problem of section 4.1.3. However, Fig. 4.23 indicates that a
constantly increasing far-field energy release rate J , which even exceeds Jlim, is necessary to
drive the active softening zone along the crack plane. Correspondingly, the effective crack
growth resistance curve in Fig. 4.24 exhibits a wide tearing region.
The mechanism is as follows. The necking of the intervoid ligaments is interrupted by the
initiation of cohesive softening so that the active ductile softening zone is shifted further.
However, the remaining intervoid ligaments have finite widths W remi . Thus, further work
Γ0 · W remi for the full separation of the respective intervoid ligament i. The described
initiation of the cohesive softening in the center of the respective intervoid ligament seems
to induce further local plastic deformations in this region which lead to the cup-cone shape
of the ruptured intervoid ligament (see Fig. 4.22). It was found in section 3.2 that the
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required work due to plastic deformations around a deforming cohesive zone can exceed the
cohesive work of separation Γ0 by far. This mechanism does not saturate until the active
ductile softening zone, which encompasses about 15 voids itself, has moved sufficiently far
from the initial crack tip. This effect explains the wide tearing region. For this mechanism
not only the limitation of the stress level through the cohesive strength is important but
also the particular work Γ0 for the cohesive separation.
If a saturating hardening law were incorporated, there would be a maximum cohesive
strength above which the cohesive zone does not reach the softening state at all. Above this
level purely ductile failure would occur, i.e. the intervoid ligament would neck asymptotically
to zero width. However, if the cohesive strength lies slightly below this maximum value,
then the toughening mechanism is presumably active nevertheless.
4.2.3. Influence of the Cohesive Parameters
Crack growth resistance curves are depicted in Fig. 4.25 for several values of the cohesive
strength. For a low value σc/σ0 = 2.8, the crack growth resistance is governed by the
cohesive work of separation Γ0, whereas the influence of the plastic deformations increases
for higher ratios σc/σ0. With σc/σ0 = 3.2 the R-curve exhibits oscillations, which are
superimposed to an initial stable region. The oscillations have a wave length of ∆ainst ≈
3X0 which is attributed to the cohesive zone. The cohesive zone reference length amounts
to L0 = 3.86X0 and controls the wave length ∆ainst of the oscillations (section 3.2.3). In
the intermediate regime σc/σ0 = 3.5 the intervoid ligaments are separated one after each
other, which leads to the steps in the R-curve. For higher cohesive strengths σc & 4σ0, the
initial parts of the R-curves lie slightly below those for pure ductile failure σc/σ0 →∞ but
intersect the latter finally due to the toughening mechanism described above. With further
increasing ratios σc/σ0 the width W remi of the intervoid ligaments behind the currently
active ductile softening zone decreases. Due to the lower cross-section less work is necessary
to separate the cohesive zone since the traction-separation law is formulated with respect to
the current configuration. Correspondingly, the R-curve from section 4.1.3 for pure ductile
failure is reached asymptotically for σc/σ0 →∞.
The distribution of the necking in the currently active softening zone is shown in Fig. 4.26.
It shows that the relative necking 1 − χ decreases with decreasing σc/σ0 as expected.
Furthermore, the active softening zone becomes narrower for lower cohesive strengths. When
the width of this zone becomes comparable to the cohesive reference length L0 for σc/σ0 .
3.9, then oscillations occur in the R-curve as described above, which are reflected also in
the deformation patterns in the wake behind the current softening zone as also shown in
Fig. 4.28.
In Fig. 4.27 the crack growth resistance curves for a lower cohesive work of separation
Γ0 = 0.05σ0X0 are compared with those from Fig. 4.25 on the preceding page. In the lower
ductile-brittle transition region σc/σ0 = 3.2 a similar but slightly lower fracture initiation
toughness is obtained with Γ0 = 0.05σ0X0. Furthermore, the tearing is less distinct for the
lower Γ0. Surprisingly, the situation is opposite in the upper transition region σc/σ0 = 4.1
and σc/σ0 = 4.6. Here, a stronger tearing is observed with Γ0 = 0.05σ0X0. The purely
ductile curve is reached asymptotically with both parameter sets for σc/σ0 →∞.
This change of the influence of Γ0 can be explained by the observed toughening mech-
anism. The toughening is a consequence of the remaining ligament width W rem and the
required cohesive work of separation Γ0. In the lower ductile-brittle transition regime,W rem
is still large, so that Γ0 plays the mayor role. In the upper transition region, a lower Γ0
leads to an earlier fracture of each intervoid ligament and thus to a wider remaining lig-
ament W rem. This larger cross section of the intervoid ligament seems to counterbalance
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and even to exceed the lower work of separation Γ0 per unit surface. For an even lower
Γ0/(σ0X0)→ 0 the intervoid ligament would fracture immediately when the maximum nor-
mal stress reaches the cohesive strength for the first time. This event is independent of Γ0 in
the considered limit case. Thus, there is a minimum value W rem for each cohesive strength
σc. Then, for Γ0/(σ0X0) → 0 the necessary work of separation per intervoid ligament is
the product of the minimum ligament width and the cohesive work of separation Γ0. If the
latter decreases further the toughening should decay. However, this point is not reached
yet with the investigated parameter sets and it is difficult to assess numerically since the
required element size decreases with Γ0 (see section 3.2.2).
For typical engineering applications, the event of fracture initiation is most interesting.
As has already been discussed in section 3.3.2, it is not trivial to find a definition, which is
applicable in the whole ductile-brittle transition region. In the following the definitions of
the mentioned section are adopted for comparability. This means that the global maximum
of the R-curve is used in the lower ductile-brittle transition region, where hardly any tearing
occurs, whereas the distinct kink in the CTOD-J-curve is employed in the upper ductile-
brittle transition region. In this context the finding of section 4.1.4 has to be recalled
that the configuration (cp-0°, f0 = 0.014) under consideration lies in the transition region
towards initial crack growth by mutiple void interaction, i.e. that there is no sharp point
of fracture initiation in the purely ductile regime anymore but rather a region of beginning
void growth.
The evolution of the crack tip opening displacement (CTOD; according to the definition
in section 3.1.1) is plotted in Fig. 4.29 against the far-field energy-release rate J for different
ratios of σc/σ0 together with the result for pure ductile failure σc/σ0 →∞. For all values
of σc/σ0, the graphs in Fig. 4.29 follow initially the limiting ductile one before reaching the
respective kinks. The latter are marked as points of fracture initiation.
The extracted values of the fracture initiation toughness are plotted in Fig. 4.30. Again,
the S-shaped graphs come from the horizontal line of the lower-shelf fracture toughness and
ends up in the purely ductile regime. The ratio of upper-shelf and lower-shelf toughness is
controlled by the value of Γ0/(σ0X0) as discussed above.
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5. Comparison between Microscopic and
Macroscopic Simulations
In the present study the crack propagation in the ductile-brittle transition region was sim-
ulated with a microscopic and a macroscopic model, i.e. the microstructure in the process
zone was either discretely resolved or incorporated in a homogenized way, respectively.
Thus, the question is whether the results of both approaches are consistent.
5.1. Ductile Regime
Regarding the ductile regime, it can firstly be stated that initial crack tip blunting is pre-
dicted with both approaches which is followed by a stage of fracture initiation. The models
coincide in the finding that the transition to fracture initiation is abrupt (void-by-void
mechanism ) for low values of the initial void volume fraction f0 whereas a continuous
fracture initiation (multiple void interaction) is observed for higher values of f0 (compare
sections 3.1.5 and 4.1.4). A subsequent stable tearing behavior is obtained with both models.
A qualitatively different influence of the hardening exponent N is observed on the dif-
ferent scales when comparing Fig. 3.13 on page 41 and Fig. 4.12 on page 77. While the
steady-state fracture toughness and the tearing behavior depend strongly on N in the mi-
croscopic model, there is only a moderate influence in the macroscopic model. In the latter
an earlier saturation is observed for higher values of N whereas in the microscopic model
the trend is even inverse. This difference is presumably attributed to the deficiencies of the
GTN-model itself in describing the hardening under highly triaxial loading conditions at
the crack tip as mentioned already in section 4.1.4.
Regarding a quantitative comparison, firstly it cannot be assumed that there is a constant
proportionality factor between the void distance X0 and the intrinsic length Lnl of the non-
local GTN-model, which is independent of the other parameters like f0 or N , since the non-
local model is formulated in a purely heuristic way. In order to compare the micromechanical
and the macromechanical model directly, a reference length has to be used that is defined
in both models. This is the case for the ratio of the fracture initiation toughness Jc and the
yield stress σ0. Therefore, it is necessary to find a suitable definition of the event of fracture
initiation. For the macroscopic model there is a distinct point where the crack tip blunting
is interrupted and the maximum effective void volume increases rapidly, see section 3.1.5.
However, as found in section 4.1.4, there is no such unique definition with the microscopic
model. For the following comparison the definition of Gu [69] is adopted who defines Jc as
the kink point of the CTOD-J-curve as described in section 3.1.5.
The crack growth resistance curves from figures 3.12a on page 41 and 4.18 on page 81
(with f0 = 0.01 and f0 = 0.014, respectively) are replotted in Fig. 5.1, normalized with
respect to Jc. The diagram indicates that the curves span a similar tearing range for the
microscopic and the macroscopic model. The initiation range is different, but this is also
attributed to the employed measures of crack growth ∆a (see sections 3.1.1 and 4.1.1)
and fracture initiation toughness Jc. However, the particular slope of the R-curves and the
related tearing modulus do not depend on the definition of Jc as discussed in section 3.1.1.In
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Fig. 5.1 the R-curves of the microscopic model saturate earlier. The microstructure is
highly idealized in the micromechanical model as only cylindrical voids are considered and
thus it was not expected to gain direct quantitative information from the micro-model
for macroscopic simulations. It remains open whether the saturation behavior would be
different with spherical voids or a non-regular void arrangement. Anyway, the tearing and
saturation behavior is influenced by secondary damage mechanisms as found in section 4.2.
5.2. Ductile-Brittle Transition
For the ductile-brittle transition region the microscopic and the macroscopic models predict
a similar fracture initiation behavior since the cleavage failure is modeled the same way by
a cohesive zone. The computed fracture initiation toughness values from microscopic and
macroscopic simulations (Fig. 3.41 on page 58 and Fig. 4.30 on page 88) are compiled in
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Fig. 5.2. With both approaches a lower shelf is predicted for low values of the ratio σc/σ0
of cohesive strength and initial yield stress, i.e. low temperatures, and the solution of pure
ductile failure is reached (theoretical asymptotically) for high values of this quantity. The
lower-shelf fracture toughness is defined through the cohesive work of separation Γ0 and,
for the microscopic model, the void volume fraction f01. The value Γ0 can be used for
normalization here since it is defined in both models.
The ductile fracture toughness is defined through the initial yield stress σ0 and the
characteristic length scale, Lnl or X0, respectively. In the macroscopic simulations it is
clearly defined which point on the fracture surface failed by cleavage and which one by a
ductile mechanism. Fig. 5.2 shows that the transition between both modes is smoother
in the micromechanical model. With the latter the transition is observed at a higher ratio
σc/σ0 of cohesive strength and initial yield stress. In principle the values σc, σ0 and Γ0 refer
to properties of the matrix in the microscopic model whereas these quantities are effective
values in the macroscopic model. The ratio of microscopic and effective values of σc and
σ0, respectively, should be similar in each case so that the transition region should hardly
differ with respect to the σc and σ0 between both levels. However, Fig. 5.2 shows that
there is a considerable difference which can be at least partly attributed to the geometrical
representation of the voids, spherical or cylindrical, respectively.
The typical crack growth resistance curves computed with both approaches in the ductile-
brittle transition region (from Fig. 3.40 on page 58 and Fig. 4.27 on page 88) are replotted
in Fig. 5.3. Again, the cohesive work of separation Γ0 and its associated characteristic
length L0 (as defined in Eq. (2.26) on page 24) can be applied for a common normal-
ization. In the brittle regime crack growth resistance is constituted by the cohesive zone
only as discussed above. Considerable differences occur in the upper ductile-brittle transi-
tion region. With the macroscopic model and f0 = 0.01 the R-curves are “interrupted” by
cleavage initiation, whereas with the microscopic model and f0 = 0.014 the crack growth
resistance increases with ongoing crack propagation. In section 4.2 it was found that this
toughening is attributed to cleavage initiation in the wake behind the active ductile zone.
Due to this toughening mechanism, in the upper ductile-brittle transition an even higher
crack growth resistance is predicted compared to the corresponding value for purely ductile
failure partly considerably which is, however, unrealistic. This point is remarkable since
the micromechanical model was developed to capture the microscopic interactions in more
detail. This concerns especially the cleavage initiation due to the stress increase accom-
panying strain hardening in the intervoid ligaments during void growth. It was discussed
in section 4.2 that the intervoid ligaments fail inevitably by cleavage in this model due
to the non-saturating hardening law employed for the matrix material. But also other ef-
fects are imaginable. In contrast, in the macroscopic model softening in the cohesive zone
cannot initiate in the wake behind the active ductile softening zone since the macroscopic
stress decreases steadily there with ongoing void coalescence, which results in more realistic
predictions. The smoother transition with respect to the fracture initiation toughness of
the microscopic model in Fig. 5.2 on the facing page is presumably also attributed to the
toughening mechanism. Nevertheless, it has to be noted that stable crack propagation by
cleavage is also predicted for ideal small-scale yielding (T = 0) by the macroscopic model
for a higher value of the initial void volume fraction of f0 = 0.10 (see Fig. 3.51 on page 65).
However, with this model the ductile R-curve is approached still from below, which is an
important difference to the microscopic model.
1Effective values of the work of separation and the yield stress could be computed for the
microscopic model (as partly done in section 4.1.2) which would, however, not change the
mainly qualitative findings.
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Another point to be mentioned in this context is the shape of the voids. In the microscopic
model the crack “jumps” from void to void, especially in the lower ductile-brittle transition
region. If the voids are modeled more realistically as spheres in a microscopic model, possibly
another behavior will be observed since there are not complete “gaps” in this case, but a
fillet of matrix material has to be separated at any point. Then, the intervoid ligaments
would presumably not fracture by the energy consuming cup-cone mode.
In any case, the modeling of the cleavage initiation during plastification of the intervoid
ligaments requires further investigations. The remarkable finding that a secondary softening
mechanism in the intervoid ligaments can toughen the material implies that further attention
should be paid to the modeling of such mechanisms. Due to the physically questionable
predictions of the microscopic model in the ductile-brittle transition region the following
comparison with experiments is focused on the macroscopic model.
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6. Comparison with Experimental Results
6.1. Qualitative Features
In the present study a non-local Gurson model is employed for ductile failure on the
macroscopic scale. This model realistically predicts an initial stage of crack tip blunting,
which is followed by crack initiation and stable crack propagation as has already been
mentioned several times. The results in Fig. 3.12a on page 41 indicate that the whole range
of the tearing modulus TR can be captured reaching from nearly vanishing tearing up to
almost the slope of the blunting line. Experimental data lie in this range and can thus be
reproduced.
Regarding the ductile-brittle transition region, a cohesive zone model is embedded in
the non-local GTN material in order to simulate the competing damage mechanisms of
cleavage and void growth. Which of both failure mechanisms gets activated is especially
controlled by the ratio of cohesive strength σc and initial yield stress σ0. For low values
of σc/σ0 pure cleavage occurs whereas for larger ratios σc/σ0 the void growth increases
leading finally to pure ductile crack propagation. If the cohesive strength σc is assumed to
be a temperature-independent material parameter, then the transition from ductile failure
to cleavage is induced by the increase of the yield stress with decreasing temperature.
This interdependence is well-known and explains also the success of classical stress criteria
(like those of Ritchie-Knott-Rice- or Weibull-type) for cleavage initiation in the lower
ductile-brittle transition region.
Like Ritchie-Knott-Rice-(RKR-)models, the present approach predicts cleavage initi-
ation in front of the crack tip near the maximum stress position xσmax of the corresponding
purely blunting crack tip solution (as discussed in section 3.2.2 and shown in Fig. 3.43).
Heerens et al. [32] investigated experimentally the distance rc from the initial crack tip to
the location of cleavage initiation on the fracture surface of a pressure vessel steel. The
results in Fig. 6.1 show, that (except one runaway value) cleavage initiates in the region
where the maximum normal stress of the blunting crack tip is located (denoted “σy max
range” in the figure). Similar findings were reported in [15, 38, 142]. So the simulations in
the present study comply with these experimental observations.
In contrast to the RKR- or Weibull-criteria, the particular softening behavior during the
cleavage initiation process is incorporated in the present study by means of the cohesive
zone model. The cohesive work of separation Γ0 corresponds to the work that is necessary
to drive a nucleated cleavage micro-crack into the neighboring grain and through the next
grain boundary. With this approach a specimen size and constraint independent lower-
bound fracture toughness Γ0 is predicted corresponding to experimental results [27, 31, 32,
143]. For a low initial void volume fraction (like it is representative for steels or light-weight
alloys), the present model predicts a crack growth resistance curve with a local maximum
directly after initiation of crack growth in the lower ductile-brittle transition region (see e.g.
Figs. 3.27 and 3.40). This maximum is attributed to the dissipated work comprising the
initial crack tip blunting. Regarding a specimen of finite size, this local maximum means
that the crack begins to propagate dynamically if the characteristic dJ/d∆a of the specimen
is not steeper than the decreasing branch of the R-curve. However, the R-curve scales with
94 6. Comparison with Experimental Results
0
0 0.5 1.0 1.5 2.0
200
400
600
σymax
range
rc, mm
rcmin
-60℃
Typ
F
I
L
K
J
c
,
N
/m
m
rc =
AEJ
R2el(1−ν2)
A = 2 · 10−3
A = 4 · 10−3
secondary crack
main crack
Fig. 6.1.: Distance rc of cleavage initiation from the
crack tip in 20MnMoNi55 pressure vessel steel
[32] (rcmin= minimum observed rc; Types of
cleavage initiation: F: cleavage facet, I: at
MnS particle, K: at cluster of inclusions, L:
at zone of local ductile tearing)
Fig. 6.2.: Secondary crack in the
cross-section of a speci-
men of a ferritic-bainitic
steel from an experiment
interrupted shortly before
the presumed pop-in [5]
the cleavage-associated material length scale L0 whereas the characteristic dJ/d∆a scales
with the specimen size W . If the latter is much larger than L0, as it is the case with
typical engineering specimens, the present model predicts an unstable cleavage initiation
in the lower ductile-brittle transition region, also under displacement controlled loading,
which complies with the experimental experience. As already discussed in section 1.2, the
situation is different in small specimens where stable cleavage gets favored [39, 43].
The interaction between material degradation due to cleavage and ductile mechanisms
is also essential in the upper ductile-brittle transition region. So the present model predicts
the transition to cleavage after some amount of ductile crack propagation and possible
subsequent crack arrest in this region. Stretching zones or “fibrous thumbnails” formed
thereby at the initial crack tip are well-known from experiments (e.g. [144, 145]). The crack
arrest after a pop-in is also a common feature in the ductile-brittle transition region (e.g.
[38, 41, 146]). The simulations in the present study showed that pop-ins are attributed to
the formation of secondary cracks in front of the crack tip. Neimitz et al. [5] interrupted
fracture tests on different steels in the ductile-brittle transition region and observed indeed
secondary cracks preceding pop-ins, see Fig. 6.2.
In the simulations, pop-ins with crack arrest are favored for a positive transversal stress
T > 0 (sections 3.2.5 and 3.3.3) which complies with the experimental experience that
pop-ins are typically observed with high-constraint specimens like compact tension or deep
cracked bending specimens. R-curves with further oscillations are obtained in the simula-
tions but the further local maxima of the R-curves (e.g. in Figs. 3.40 or 3.45) coincide with
the global maximum crack growth resistance. This means that the crack does not arrest if
the loading is held constant but that the crack speed oscillates only as observed by Hoagland
et al. [147] in crack-arrest experiments. Repetitive patterns of local void growth can remain
on the fracture surface (figures 3.26 and 3.44) which complies with the fractographic results
in [39, 41, 147].
In the upper ductile-brittle transition region the computed crack growth resistance curves
in Fig. 3.40 on page 58 follow mainly that of purely ductile failure but they are interrupted
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by cleavage initiation depending on σc/σ0. Heerens and Hellmann [31] compiled the results
from the Euro Fracture Toughness dataset and found also that all data of crack length and
corresponding fracture toughness lie on a single curve as shown in Fig. 6.3.
Note that all the latter features are obtained in the simulations with homogeneous ma-
terial properties. Local imperfections are thus not inevitably necessary to trigger cleavage
during ductile crack propagation or to induce pop-ins. Nevertheless, those phenomena occur
in a region of high sensitivity with respect to the cohesive strength σc. This susceptibility
to small perturbations of the material properties corresponds the experimentally observed
large scatter of the fracture toughness data. In the simulations the ductile-brittle transition
under low crack tip constraint (negative T -stress) occurs at lower values of σc/σ0 and thus
at a lower temperature for σc = const. Such a behavior is well-known from experiments.
In section 3.3.4 it was found, that for a material with higher initial void volume fraction
f0 = 0.10 the crack initiation mechanism in the ductile-brittle transition region can be
inverse to that observed for lower f0, namely that an initial and stable cleavage initiation
is followed by ductile tearing. Even complete but stable cleavage can occur. For low values
of f0 the results showed that the initiation of dynamic crack propagation is attributed to
the interruption of the crack tip blunting due to cleavage initiation as discussed above.
However, the microscopic as well as the macroscopic model show, that there is no distinct
stage of crack tip blunting for high values of f0 so that such an abrupt cleavage initiation
is precluded. The value f0 = 0.10 is representative for ductile cast iron and in this material
a stable cleavage initiation preceding final ductile failure is indeed observed [42]. Stable
crack propagation by cleavage is also reported for this material by Ludwig et al. [149, 150]
and Wolfensberger [151]. Ludwig et al. [149] applied a so-called low-blow test to assess the
(dynamic) R-curve for cleavage failure. Hwang et al. [152] and Komatsu et al. [153] found
that there is no such clear correlation between the fraction of cleavage on the fracture surface
and the measured fracture toughness as it is the case in steel. This result complies with the
results of the present study.
Hoagland et al. [147] performed crack-arrest experiments with wedge-loaded DCB-like
specimens of steel and observed also stable cleavage. This type of experimental setup
is known to have a very steep, negative characteristic dJ/da, which thus favors stable
crack propagation. In their investigation, Hull et al. [39] performed experiments with a
millimeter-sized, surface cracked tension specimen made of tungsten (as already mentioned
in the introduction). Such a configuration is similar to a shallow-cracked SENT-specimen
that is known to have a low level of crack-tip constraint. The stable cleavage was observed
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with such a small specimen in the upper ductile-brittle transition region which complies
with the results of the present study as well, compare Figs. 3.35 on page 54 and 3.45 on
page 61.
In section 4.1.4 a diffuse damage zone or even crack branching was observed for some
void arrangements. Comparing the micrograph in Fig. 6.4 with Fig. 4.17 on page 79, such
a behavior seems to be realistic for a material with higher porosity and a stochastic void
arrangement such as ductile cast iron.
6.2. Constitutive Parameters in the Macroscopic Model
All in all, the macroscopic model of a cohesive zone embedded in a non-local GTN bulk
material as described in section 3.3.1 has the following constitutive parameters:
• elastic parameters E, ν
• yield curve (power law: σ0, N)
• initial void volume fraction f0
• GTN-parameters q1 and q2
• void volume fractions at initiation of coalescence fc and final failure ff
• characteristic non-local length Lnl
• cohesive strength σc
• cohesive work of separation Γ0
• shape of the cohesive law (here: exp., bi-linear with λ)
According to the systematic studies in sections 3.1 to 3.3, the influence of these parameters
could be separated. The effect of the standard parameters E, ν, σ0 and N on the stable
elastic-plastic behavior of specimens is well-known. In addition, the dimensional analysis
Eq. (3.3) shows that under small-scale yielding conditions, the crack growth resistance in the
upper shelf is proportional to the initial yield stress σ0 and to the non-local length Lnl. This
trend should prevail also for specimens of finite size. The plastic hardening behavior affects
the tearing as well. A stronger hardening, i.e. a higher hardening exponent N , leads to a
faster saturation of the crack growth resistance curve in the ductile regime (see Fig. 3.13).
At least with the investigated parameter sets there is only a slight influence of N on the
initial tearing modulus. However, the latter is strongly influenced by the value of the void
volume fraction at initiating coalescence fc (Fig. 3.12a). The found effects on the predicted
crack growth resistance curves in the ductile regime are sketched in Fig. 6.5a. Gao et al.
[154] simulated ductile crack propagation with the local GTN-model identifying the element
size in the ligament as characteristic material length scale (a so-called “computational cell
simulation”). In contrast to the present results they report on a minor influence of (a
quantity similar to) fc. However, these authors varied fc in the range 0.10 ≤ fc ≤ 0.20 for
an initial void volume fraction of f0 = 0.0045. The present study shows that the predicted
tearing is very sensitive to fc only in the range fc < 0.10 so that the results of Gao et al.
[154] are not contradictory to the present ones.
Regarding the initial void volume fraction f0, it is found that a distinct fracture initiation
point is observed after initial crack tip blunting for low values of f0, whereas a high f0 leads
to a continuous transition between both stages (sections 3.1.5 and 3.1.6).
The influence of the GTN-parameters q1 and q2 was not investigated in the present study
since they are typically fixed to q1 = 1.5 and q2 = 1 based on cell model computations with
medium-hardening material as discussed in section 2.2. However, it is well known that these
parameters need to be calibrated if the material exhibits strong strain hardening in order to
fit the results of cell models [118, 119, 122, 123]. The void volume fraction at final failure ff ,
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or equivalently the void acceleration factor κ according to Eq. (2.13), is a further parameter
whose influence was not investigated in the present study. But it is clear that the effects
of fc and κ are not independent. For instance, fc can have no influence if the acceleration
factor is set to κ = 1 since there is no acceleration then, which could initiate at f = fc.
From this point of view, a reasonable value in the range 4 . κ . 8 should be chosen a priori
(compare Tab. 3.1). Recently, Brinnel et al. [155] presented first results for computational
cell simulations of Charpy tests where κ was varied systematically. Further investigations
with respect to the effect of κ on the predicted tearing behavior are necessary. The results
in [155] indicate that it has a minor influence whether a nucleable porosity fN is used or
whether this amount fN is assigned to the initial void volume fraction f0 instead.
The cohesive work of separation Γ0 controls the lower-bound fracture toughness. Whether
the material fails by cleavage or the ductile mechanism depends on the ratio σc/σ0 of
cohesive strength and initial yield stress. The shape of the cohesive law has a slight influence
on the exact location of the transition point between both mechanims with respect to
σc/σ0 (Fig. 4.19) and on the constraint sensitivity (Fig. 3.34). More important is that the
particular shape has a strong effect on the cleavage jump width ∆ainst ≈ (1− λ)L0 during
a pop-in and on the crack arrest potential (section 3.2.4). The value of ∆ainst is hardly
influenced by σc/σ0 or the crack tip constraint. The main effects of the parameters on the
fracture toughness Jc are shown schematically in Fig. 6.5b.
The non-local material model employed in the present study is based on the GTN-model
incorporating accelerated void growth when the void volume fraction reaches the value
at coalescence fc. This approach was introduced by Tvergaard and Needleman [54] to
capture the transition to a uniaxial mode of deformation which was observed in cell model
computations. However, the micro-mechanical simulations in section 4.1 show that the
deformation history in front of the crack tip deviates considerable from that one assumed
in cell models. Hence, the fc can hardly be considered to be determinable uniquely from
cell model computations. Recalling in addition the purely heuristic nature common to all
non-local approaches, it is proposed here to fade out the origin of fc and to consider fc as
a free parameter.
With this approach and based on the found effects, the constitutive parameters for a
particular material can be identified as follows:
1. Determine f0 from micrographs, chemical composition or the like.
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2. Tensile tests
2.1 Determine Young’s modulus E, Poisson’s ratio ν and the yield curve σ¯(ε¯, ϑ)
of the matrix material in the whole temperature range ϑ.
2.2 For strong strain hardening (N > 0.1): Calibrate q1 and q2 by cell model
computations or take corresponding results from literature, e.g. [123]
3. Fracture tests in the ductile regime
3.1 Choose fc to fit the tearing modulus TR from simulations to fracture experi-
ments.
3.2 Calculate Lnl from the ratio of measured fracture initiation toughness Jc to
the computed dimensionless value Jc/(σ0Lnl).
3.3 Large-scale yielding: Iterate over points 3.1–3.2
4. Ductile-brittle transition region
4.1 Choose Γ0 as lower-bound fracture toughness (temperature dependent if nec-
essary).
4.2 Determine the shape of the cohesive law to fit the cleavage jump width ∆ainst
during a pop-in (∆ainst ≈ (1− λ)L0) if such information is available. Other-
wise take a standard law like the exponential one.
4.3 Choose σc to fit the ductile-brittle transition temperature
The main steps of the proposed procedure are sketched in Fig. 6.6. It has to be remarked
that all material parameters have to be determined by fracture tests with a single specimen
type, i.e. without necessitating tests under different levels of crack tip constraint.
In practice, the initial void volume fraction f0 can hardly be measured very accurately,
so that a slight adjustment of f0 is still possible. If nucleable porosity is incorporated in the
model, point 1 in the listing above applies also to the nucleable porosity. In section 3.1.6 it
was found that a distinct point of fracture initiation cannot be identified for large values of
f0 so that steps 3.1 and 3.2 cannot be separated anymore in this case.
The lower-bound toughness Γ0 depends on the temperature ϑ as discussed in the in-
troduction (section 1.2). If only the region around the largest drop of fracture toughness,
typically within ∆ϑ ≈ 30 °C, is considered, this effect might be negligible. However, it is
important in the tail of the lower ductile-brittle transition region. In general the deter-
mination of the lower-bound fracture toughness requires the testing of a large number of
specimens.
In [156] it is proposed to take the maximum value of the true stress of a tensile test
(with notched or flat specimens) as cohesive strength. In principle, with the present model
a perfect flat tensile test would correspond to a series connection of cohesive zone and bulk
material so that the macroscopic failure stress would be identical to the cohesive stress. The
particular location of the softening zone cannot be determined in advance but it arises as
bifurcation from the state of homogeneous deformation. This bifurcation is unsymmetric
with respect to the amplitude of deformation (there will be no transition to a zone of
localized unloading) and it is well-known from the theory of stability that unsymmetric
bifurcations are very sensitive to imperfections, see e.g. [157]. Physically, this means that a
locally lower cohesive strength induces local softening which leads to a micro-crack if the
size of the flaw exceeds a critical value (which is related to the intrinsic cohesive length
Γ0/σc). Since this critical size is much smaller than typical dimensions of tensile specimens,
this situation corresponds to a Griffith (or penny-shaped) crack, independent of whether
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Fig. 6.6.: Determination of constitutive parameters
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the test is stress- or displacement-controlled. Consequently, the locally available energy
release rate increases rapidly if the micro-crack propagates once. This increased loading
can hardly be compensated by a neighboring region although the latter might have a higher
local (cohesive) strength and thus a higher (since ductile) local crack growth resistance.
Hence, in tensile specimens the present model should predict a weakest link-like mechanism
as assumed in Weibull models. In contrast, in fracture specimens it is more likely that
a locally lower strength can be compensated by neighboring tougher material since the
energy release rate does practically not change for a small amount of crack growth (see also
section 1.2).
In the present model the homogeneous cohesive parameters correspond to some mean
values which can thus hardly be addressed by a tensile test but rather by the mean transition
temperature according to the given procedure (point 4.3). However, independent of the
susceptibility to flaws, the cohesive strength σc is the maximum attainable strength in a
tensile test within the present model.
In the literature there are also other approaches to describe the final stages of ductile
softening than that of Tvergaard and Needleman [54] used in the present study. Benzerga
and Leblond [158] incorporate a more sophisticated void growth and coalescence model
(however, within classical, local material theory). They propose a “top-down approach”
to identify the material parameters. The steps to identify the micro-structural parameters
and the hardening behavior of the matrix material are similar to steps 1–2 in the listing on
page 98. In addition, in their approach the element size is a free length parameter for the
computational cell simulation analogous to the non-local length scale Lnl under step 3.2 in
the present study. For lack of a further adjustable parameter, the predicted tearing behavior
and the constraint sensitivity are fixed then. However, the results of the micromechanical
simulations in sections 4.1.4 and 4.2.1 indicate that the tearing behavior does not depend
on elastic-plastic properties of the matrix and the initial void volume fraction only, but
additionally on the particular void arrangement and, for irregular arrangements, presumably
on the particular size distribution as well as on secondary damage mechanisms. From this
point of view it is reasonable to have a macroscopic material parameter in order to account
for this behavior (see also section 5). Gao and Kim [159] employ a model similar to Benzerga
and Leblond [158], but they need to calibrate the parameter describing the initiation of void
coalescence in order to capture the experimental fracture data. With this calibration the
behavior of specimens with lower crack tip constraint can reliably be predicted.
Gao et al. [154] employ the local GTN-model in a computational cell approach as de-
scribed above. They propose steps analogous to points 2–3 of the procedure on page 98
to identify the constitutive parameters for the ductile behavior. Additionally, the GTN-
parameters q1 and q2 are identified from cell models before simulating the crack propaga-
tion. This approach is reasonable and is thus incorporated as step 2.2 in the procedure
proposed here. However, Gao et al. [154] fix the quantity which describes the initiation
of void coalescence (similar to fc) a priori. Instead, they declare the initial void volume
fraction f0 as fitting parameter to match the experimental tearing behavior. Application
of their scheme to the fracture tests of a pressure vessel steel allowed predictions of the
behavior of other specimens as well. However, f0 can be measured directly (point 1 in
the procedure proposed above). In contrast, the interpretation of fc in the inhomogeneous
deformation fields near a crack tip is problematic as discussed above. For these reasons and
due to its strong effect on the tearing behavior, fc is more suitable as a fitting parameter.
In the following the proposed procedure is applied examplarily to experimental data from
literature.
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For the ductile regime, the results of McCabe [160] for a pressure-vessel steel (A508 class
2) are considered. These data were obtained with a relatively large, side-grooved C(T)-
10T specimen so that they are comparable to the small-scale yielding results of the present
study. Furthermore, a large amount of crack growth was recorded. The obtained crack
growth resistance curve is plotted in Fig. 6.7. For step 1 of the fitting procedure an initial
void volume fraction of f0 = 0.01 is assumed arbitrarily since no other data are available
and the simulations in the present study were performed with this f0. Values of this order
of magnitude are typically used as nucleable porosity in the literature for steels. The yield
stress σ0 = 379 MPa was obtained from a tensile test. If the measured R-curve is plotted in
the form JR/σ0 = f(∆a) and compared with the computed curves in Fig. 3.12a, it is found
that the tearing can be well fitted with the parameter set fc = 0.05, ff = 0.13.1 According
to step 3.2 of the fitting procedure, the intrinsic length Lnl is determined as Lnl ≈ 0.2 mm
by equilibrating the fracture initiation points if the latter are identified with the suspected
kink in the measured R-curve in Fig. 6.7. This value of Lnl lies in the range of the data from
literature for similar steels compiled by Seidenfuss et al. [110] for their non-local damage
model.
According to step 3.3 of the scheme in section 6.2, an iteration accounting for the spec-
imen size effect is the next step. With a biaxiality parameter of β = 0.6 for the C(T)-
specimen [135], a relative transversal stress T
√
Lnl/KI = 0.0095 is obtained. A comparison
with Fig. 3.14 on page 41 shows that this value does influence the predicted R-curve only
slightly so that the parameters need not to be corrected. The uppermost data point in
Fig. 6.7 is missed by the fitted curve. A simulation of the particular C(T)-10T specimen
and with the exact hardening curve of the A508 steel needs to be performed in order to
investigate this discrepancy.
6.4. Ductile-Brittle Transition
Sorem et al. [143], Sorem et al. [144] investigated experimentally the constraint effect on
fracture for an A36 mild steel in the ductile-brittle transition region between −196 °C and
20 °C. For this purpose, they performed fracture tests with shallow and deep cracked SEN(B)
specimens of widthW = 31.8 mm and square cross section. In particular the specimens had
a relative crack length of a/W = 0.15 and a/W = 0.5, respectively. The values of J were
computed from the load versus load-line displacement record with prefactors calibrated by
FE-simulations. The obtained fracture toughness values Jc are plotted in Fig. 6.9.
If the material parameters shall be fitted according to the procedure outlined in sec-
tion 6.2, firstly the initial void volume fraction needs to be determined. Since this infor-
mation is not available, f0 = 0.01 is assumed as above. The dependence of the yield stress
on the temperature is shown in Fig. 6.8 together with the fitted curve which is used in
the following to transfer the numerical results of the present study.2 In the lower shelf, the
ratio between Young’s modulus and initial yield stress of the A36 steel corresponds approx-
imately to the value E/σ0 = 333 taken in the present study. However, for the considered
1This means that the tearing modulus is used in contrast to Eq. (3.4) without the pre-factor
E/σ0, since the latter amounts to about E/σ0 ≈ 500 in the experiment which is larger than
the value E/σ0 = 333 assumed in the present study.
2In contrast to the published material data, the fitted curve decreases slightly in the range
0 °C ≤ ϑ ≤ 20 °C which is necessary for a biunique mapping in order to transfer the simulation
results to temperatures.
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material this ratio changes with the temperature and is larger in the upper ductile-brittle
transition region. This fact is neglected in the following. The hardening exponent is fixed
to N = 0.1 as a reasonable choice.
The deep cracked specimen with a/W = 0.5 is considered in the following for the identi-
fication of the further parameters. No crack growth resistance curve was published in [143,
144] so that the value fc = 0.05 is adopted from above. The mean upper-shelf toughness
of the deep cracked specimen amounts to about Jc = 0.26 MPa m at ϑ = 20 °C. In a first
step the simulation results for vanishing transversal stress T = 0 from Fig. 3.12a are con-
sidered for the fracture initiation giving Jc = 3.05σ0Lnl. Together with the yield stress of
σ0 = 250 MPa for this temperature range from Fig. 6.8, a non-local length of Lnl = 0.34 mm
is obtained. A first iteration with this value and a biaxiality ratio of β ≈ 0.1 [135] for this
specimen gives a T -stress ratio T
√
Lnl/KI ≈ 0.008. A comparison with Fig. 3.14 on page 41
confirms that this value of the relative T -stress has only a slight influence in the ductile
regime so that Lnl needs not to be corrected.
As first guess a temperature independent lower-bound toughness is assumed for the des-
ignated temperature range ϑ & −60 °C. The ratio of upper-shelf and lower-bound toughness
is about 10 for the considered deep cracked specimen. This ratio coincides with the value
obtained for Lnlσ0 = 3Γ0 and T = 0 (see Fig. 3.50 on page 65). So this ratio Lnlσ0 = 3Γ0
is assumed in the following resulting in Γ0 = 0.028 MPa m. The yield stress σ0 differs only
moderately in the envisaged temperature range −30 °C . ϑ . 0 °C. For lack of further
information, the exponential cohesive law is used. With these values the T -stress of the
deep cracked specimen with respect to the intrinsic length of the cohesive law amounts to
T/σ0 ≈ 0.18KI/K0. Despite the minor influence on the upper-shelf toughness, this value
already influences the transition point (with respect to σc/σ0) according to Fig. 3.50 on
page 65 and has thus to be taken into account.
As final step the cohesive strength σc needs to be determined by equilibrating the ductile-
brittle transition point. In the simulations this point lies at σc/σ0 ≈ 3.1 for T/σ0 =
0.2KI/K0 (see Fig. 3.50 on page 65). Starting from this value together with σ0 from
Fig. 6.8, a calibration results in a cohesive strength of σc ≈ 780 MPa. By chance or not this
value lies in the range of the maximum ultimate strength of 790 MPa measured by Sorem
et al. [144] at −195 °C. However, an extrapolation of the measured ultimate strengths to
lower temperatures would result in even higher ultimate strengths. This behavior cannot
be predicted with the present model incorporating a temperature-independent cohesive
strength since the latter is the maximum attainable strength. Presumably, the cohesive
strength σc cannot be assumed to be constant if this temperature regime shall be addressed.
Heerens and Hellmann [31] observed that the cleavage initiation mechanism changes at
very low temperatures ϑ . −154 °C. From this point of view, it is comprehensible that
the material parameters are different in this temperature regime. Anyhow, the latter lies
beyond the scope of the majority of engineering applications.
A comparison of the measured fracture toughness values in Fig. 6.9 with the fitted
simulation results for the deep cracked specimen gives a passable agreement. However, the
particular fit requires the same definition of the event of crack initiation in experiment and
simulation which concerns e.g. the evaluation of pop-ins (see also section 3.3.2). Furthermore
a “mean” transition temperature needs to be constituted. Both points are not addressed
here but only the application of the proposed scheme is demonstrated in principle. The
curve for a difference in the yield stress of ∆σ0/σ0 = ±5% is incorporated in Fig. 6.9, too,
to indicate the possible scatter. These ±5% uncertainty lie in the range of the scatter of
the Vickers-hardness measured by Faleskog et al. [161].
Sorem et al. [143] reported also on details of the the appearance of the fracture surface.
They distinguish between complete cleavage and the formation of a “fibrous thumbnail”, i.e.
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an initial region of ductile crack growth. The corresponding results were also extracted from
the simulations and are incorporated in Fig. 6.9 as well. In the simulations, zones of ductile
failure are observed directly near the upper shelf only, whereas they are reported also for
medium toughness values in the experiments. However, zones of large plastic deformations
at the crack occur in the simulations also in the same regime (see Fig. 3.44a on page 60) so
that a principal agreement can be asserted with respect to the appearance of the fracture
surface.
The identified material parameters shall now be used to simulate the experiments of
the shallow cracked specimen with a/W = 0.15. This specimen has a biaxiality ratio of
β ≈ −0.3, see section 3.3.3. For the investigated specimen size and the identified param-
eters, this value corresponds to a relative T -stress of T/σ0 = −0.49KI/K0. The results
in section 3.3.3 showed that such a large ratio lies already beyond the possibilities of the
used model of a semi-infinite crack so that the particular fracture test has to be simulated
as done in section 3.3.3. With the identified material parameters the relative size of the
specimen amounts to W/Lnl = 93.5. This ratio is near the value W/Lnl = 100 investigated
in section 3.3.3. That is why the results of this simulations of the shallow cracked SEN(B)
specimen from section 3.3.3 are incorporated in Fig. 6.9 for the identified material param-
eters. Here, the results extracted from the simulations with the formulas for a stationary
crack are plotted since the experiments were evaluated the same way. However, Sorem et al.
did not extract Jc from the CMOD-data as in the present study but from the load vs. load-
line displacement record. Anyhow, it can be stated that for the shallow cracked specimen
the predicted data match the measurements quite well. This applies firstly to the particular
fracture toughness values including the smoother ductile-brittle transition compared to the
deep cracked specimen. Furthermore, it is correctly predicted that pure cleavage occurs at
ϑ ≈ −43 °C despite the high level of fracture toughness up to Jc ≈ 0.18 MPa m which is also
attributed to the stable fracture initiation by cleavage.
Keeping in mind the approximate character of the determination of the material param-
eters and the neglected loss of out-of-plane constraint, it can be stated that the presented
deterministic material model describes the mean material behavior adequately in the com-
plete ductile-brittle transition region. Furthermore, the model seems to allow a realistic
prediction of the fracture behavior under a different level of crack tip constraint.
105
7. Summary and Concluding Remarks
In the present study the crack propagation in the ductile-brittle transition region is sim-
ulated on two scales. In the microscopic simulations cylindrical voids at the crack tip are
incorporated in a discrete way. It turns out that the particular arrangement of the voids
has a strong influence on the fracture toughness and on the tearing behavior. So there is a
strong suspicion that the distribution of the sizes of voids and the correlation to the distance
to neighboring voids influence the toughness and tearing for irregular void arrangements. It
remains open whether quantitative predictions are possible if the stochastic distribution of
voids is incorporated in the simulations and if more realistic spherical voids are considered.
In the macroscopic model the ductile failure is described by a non-local Gurson-model
in an implicit gradient-enriched formulation. The problem is pointed out how to handle
completely failed material within this type of formulation. It is proposed to introduce an
essential boundary condition for the non-local field variable at failed material. In the case
of an initially present crack, the model predicts realistically the fracture initiation after
crack tip blunting, which is followed by stable tearing. However, the strain singularity
accompanying the crack tip blunting raises numerical problems as well as the immediate
change of the type of boundary condition with respect to the non-local field variable. In the
present study these problems in the numerical implementation are solved by introducing a
finite rounding at the initial crack tip and a penalty formulation for the boundary condition.
This approach allows to simulate a considerably larger amount of ductile crack growth
numerically than in comparable studies in the literature. Recommendations for the involved
numerical parameters could be derived. Nevertheless, the effort to tune the particular radius
of the rounding, the mesh thereon and the penalty parameter should not be underestimated.
Linse [25] used collapsed elements at the initial crack tip which could be a robust approach
to handle at least the problem with the initial crack tip blunting.
The material degradation due to cleavage is incorporated by means of a cohesive zone
model. Thus, cleavage is assumed to initiate when a critical maximum principal stress is
reached. The cohesive work of separation represents the work required to drive a nucleated
micro-crack into the neighboring grain and through the next grain boundary. This work
forms the lower-bound fracture toughness automatically. With this approach cleavage ini-
tiation does not inevitably coincide with an unstable point of crack propagation as it is
assumed in classical weakest-link theories. Rather, the transition to this mode can arise
through the loading conditions but need not. The results of the macroscopic simulations
show that this model captures many features, which are well-known from experiments like
the cleavage initiation after ductile tearing and possible pop-ins with crack arrest, the ap-
pearance of the fracture surface and the constraint sensitivity. The abrupt transition to
cleavage and the possible crack arrest are predicted with homogeneous material properties.
Thus, local flaws are not inevitably necessary to trigger cleavage initiation. However, these
features occur in a region of high sensitivity with respect to small changes of the cohesive
strength. The whole ductile-brittle transition region can be simulated with the model for a
temperature-independent cohesive strength.
Furthermore, it is found that the possibility of initially stable crack propagation by
cleavage might be essential for fracture in low-constraint specimens in the ductile-brittle
transition region. The particular point of transition to a dynamic mode of crack propagation
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does thus not only depend on the level of constraint at fracture initiation but additionally
on the evolution of crack tip constraint during crack propagation. The transition towards
dynamic crack propagation amplifies the susceptibility to small disturbances of the local
material properties. Typically, the fracture toughness is defined by the point of unstable
crack propagation for cleavage (e.g. in ASTM - E 1921 [34]) and it has to be kept in mind
that such a point is no unique material property but depends always on the characteristics
of both specimen and loading. In shallow cracked fracture specimens of typical size the
fast increase of the crack tip constraint after crack initiation prevents large amounts of
stable crack growth by cleavage which is why this mechanism is possibly seldom reported in
literature. In addition it has to be noted that the particular amount of stable crack growth
by cleavage was difficult to assess even in the simulations of laboratory-sized specimens in
section 3.3.3 on page 61. An experimental measurement is surely more complicated. Larger
amounts of stable cleavage are expected to be more likely under a constantly low level of
crack tip constraint like it is the case in (relatively small) CCP-specimens. In accordance
with experimental results the simulations show that stable cleavage can also be relevant for
materials with a high initial porosity like ductile cast iron.
A procedure is proposed to identify the material parameters of the macroscopic model
step by step from experiments. This scheme is applied exemplarily to experimental data
from literature. The parameters extracted from a high-constraint specimen were used to
predict the behavior of a low-constraint specimen. The predicted values are qualitatively
and quantitatively in good agreement with the corresponding experimental results.
Due to the strong sensitivity with respect to small changes of the parameters, a single
simulation of the fracture behavior in the ductile-brittle transition region has a limited
information value. But this applies to a single fracture experiment, too. Rather, some
simulations have been performed to capture the trend in the considered region. In contrast
to Weibull-models, the present model is deterministic so that no statistical information
can be obtained from the simulations with homogeneous material parameters. Therefore,
they can refer to some mean values only. Statistical information can only be derived from
a given distribution function of flaws by investigating a sufficient number of realizations
(Monte Carlo method) which is quite expensive. Due to the detail of the present model not
only a distribution function of the (cohesive) strength is necessary as withWeibull-models,
but additional information is necessary about the local correlation of the distribution of
flaws. In addition, a definition of the event of crack initiation is necessary also in some
mean sense which is not trivial in general, neither in the simulations nor in experiments.
As one limit case and first approximation, the flaws can be assumed to be completely
correlated within a single specimen, i.e. that the material properties are constant within
the specimen but differ from one nominally identical specimen to another one. In this case
the lines for different levels of failure probability are obtained by just shifting the lines
of the mean values in the fracture toughness-temperature diagram (as done in Fig. 6.9)
and the specimen size effect is determined by the constraint effect only. If a limited local
correlation of flaws is assumed, then a stochastical size effect arises in addition. In this case,
the scatter in small fracture specimens should exceed the one of larger specimens since the
latter compensate local flaws by tougher regions at other locations along the crack front,
which is indeed observed in experiments [31].
The situation is different with tensile specimens. There, a locally lower cohesive strength
leads to local softening. This process results in a micro-crack if the size of the flaw exceeds
a critical value. This critical size is related to the material parameters and typically much
smaller than the dimensions of tensile specimens. As it is the case for Griffith or penny-
shaped cracks, the locally available energy release rate increases rapidly if the micro-crack
propagates once. This process can hardly be compensated by a tougher neighboring region.
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Thus, the present model should predict a different susceptibility with respect to the flaws
in tensile and fracture specimens. Systematic studies with idealized flaws and Monte-Carlo
simulations with realistically distributed flaws are necessary to check this hypothesis. If it
could be confirmed, the present model could help to overcome the problems reported e.g.
by Bernauer et al. [22] when correlating statistical data from tensile and fracture tests by
means of Weibull-models.
In the present study the cleavage initiation is modeled purely heuristically by means of
a cohesive zone, whose softening behavior is independent of the deformation of the sur-
rounding bulk material. Although realistic predictions seem to be possible, the results of
the macroscopic simulations show that the particular shape of the cohesive law has an
influence especially on the predicted crack-arrest behavior in the ductile-brittle transition
region. Furthermore, the microscopic simulations with cylindrical voids indicate that even
a toughening effect can arise through the cohesive softening dependent on the type of for-
mulation of the cohesive law in interaction with the saturation behavior of the hardening of
the matrix material. Here, the microscopic model of the present study predicts physically
questionable effects. An adequate model of the softening of the intervoid ligaments through
cleavage initiation and other secondary damage mechanisms is required. It remains open to
further regard the predictions of a similar model but with more realistic, spherical-shaped
voids. In any case the results of the present study show, that the particular softening due
to cleavage needs to be incorporated also on the macroscopic level, especially when the
modeling of the upper ductile-brittle transition region is envisaged.
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List of Commonly Used Symbols
a,∆a crack length and growth
A geomtric stiffness tensor
be element size in process zone
c wave speed
Cel elastic stiffness tensor
cR Rayleigh wave speed
cs speed of transversal waves
d rate of deformation
dpl plastic rate of deformation
E Young’s modulus
E′ elastic modulus under plain strain
f, f∗ actual and eff. void volume fraction
f0 initial void volume fraction
fc void volume fraction at coalescence
ff void volume fraction at failure
fmax max. void volume fraction
f∗ eff. void volume fraction at failure
I, I4s 2nd and 4th order unit tensors
J J-integral
Jc fracture initiation toughness
JR crack growth resistance
JmaxR max. crack growth resistance
K0 cohesive elastic toughness
KI mode-I stress intensity factor
KR crack growth resistance
KmaxR max. crack growth resistance
L0 cohesive reference length
Linit reference length of cohesive initial
slope
Lmat characteristic material length scale
Lnl non-local length
N hardening exponent
n normal vector
q1, q2 GTN parameters
R0, R (initial) void radius
rpl size of plastic zone
rt initial radius at crack tip
S support span
t time
T transversal stress (T -stress)
TR tearing modulus
u,u displacement (vector)
V velocity gradient
v velocity
W specimen width
X0, X (initial) void distance
xδmax position of max. cohesive separa-
tion
xinit position of softening initiation
xσmax position of σmaxyy
β biaxiality parameter
δ cohesive separation
δ0 characteristic cohesive separation
∆ainst wave length of local instability
δc critical cohesive separation
δt crack tip opening displacement
ε, ε strain (tensor)
ε¯ equivalent plastic strain
εnl non-local strain
εfnl non-local strain at failure
εv volumetric plastic strain
Φ yield function
γ penalty factor
Γ0 cohesive work of separation
Γdiss dissipated cohesive work of separa-
tion
κ GTN void acceleration factor
λ cohesive shape parameter
λ˙pl plastic multiplier
µ shear modulus
ν Poisson’s ratio
Ω, ∂Ω spatial domain and its boundary
ρ mass density
σ,σ stress (tensor)
σ0 initial yield stress
σ¯ GTN matrix yield stress
σ¯0 initial GTN matrix yield stress
σc cohesive strength
σeq Mises-stress
σh hydrostatic stress
σ˙J Jaumann stress rate
σmaxyy max. normal stress in ligament
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ϑ temperature
τL time scale of loading
χ rel. ligament width
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A. Appendix
Modified Continuum Elements for the Cohesive Zone
The cohesive zone with bi-linear traction-separation law is implemented by linear elements
which include a priori the symmetry condition as depicted in figure 2.6a. The according
shape functions are
N1(x0) =
1
2
(1 + η) , N2(x0) =
1
2
(1− η) , η = 2x0
b0
. (A.1)
The subscript ( )0 refers to the value of a property with respect to the reference configuration.
For a single integration point the contribution of a single element to the nodal forces of both
nodes is equal and takes the value
P y1 = P
y
2 =
1
2
bt with t = t (2um, D) . (A.2)
The traction t depends on twice the mid-point displacement um = 1/2
(
u1y + u
2
y
)
normal to
the symmetry line and internal variables as the damage D in the present case,
Such cohesive elements can be implemented by modifying a standard element so that it
contributes the same nodal forces (A.2) under all possible load histories. For this task, four-
noded quadrilaterals with reduced integration come into operation. First of all, symmetric
element deformations, i.e. uix = u
i+2
x and uiy = −ui+2y for i = 1, 2, are enforced as described
in section 2.3.2 in order to ensure that the integration points remain at the symmetry plane.
Under these constraints, the shape functions of the two remaining nodes i = 1, 2 for the x-
respective y-displacements are
Nxi (x0, y0) = Ni(x0) and N
y
i (x0, y0) =
2y0
h0
Ni(x0) . (A.3)
The corresponding contributions to the nodal forces have the value
Pxi = bhd
[
σxx
∂Nxi
∂x
+ σxy
∂Nyi
∂y
]
IP
= dhσxx (A.4)
P yi = bhd
[
σxy
∂Nyi
∂x
+ σyy
∂Nyi
∂y
]
IP
= dbσyy (A.5)
The brackets have to be evaluated at the integration point so that the terms connected to
shear stresses vanish. Furthermore, d denotes the out-of-plane thickness of the element and
h = h0 + um the intermediate height in the actual configuration.
Comparing equations (A.2) and (A.5) shows that if the thickness of the plane element is
chosen with d = 1/2 (with respect to unit thickness of the remaining model), the stress σyy
can be identified as the cohesive traction t. The horizontal nodal forces Pxi need to vanish.
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In order to obtain the desired traction-separation law, the Hashin-constitutive law, an
orthotropic effective stress-type damage model originally intended for fiber-reinforced com-
posites [117], is utilized. The material axes are aligned with the direction of cohesive separa-
tion and the Poisson-numbers are set to zero. Under the applied constraints the principal
axes of loading cannot rotate, so that the hypoelastic formulation can be integrated to
t = (1− D¯)Eelemy log
(
1 +
um
h0
)
. (A.6)
Here and in the following the superscript ( )elem denotes equivalent properties of the cohesive
elements (which have no physical meaning). The effective stress degradation D¯ is related
directly to the damage variable D defined in (2.28). A comparison of (A.6) with the
desired traction-separation law implies two measures. Firstly, the element height needs
to be chosen with h0  δc such that log (1 + um/h0) ≈ um/h0. Secondly, this allows to
identify the Young’s modulus in direction of separation Eelemy of the cohesive element as
Eelemy /h0 = Ecoh. In the computations, values h0/δc = 50 are used. In addition, it has
to be ensured that the horizontal nodal forces (A.4) vanish. A Young’s modulus Eelemx
equal to zero would be no problem in principal but is excluded by the input preprocessor of
Abaqus. For all computations, a value of Eelemx h = 10−9 EL0 is used. Possible couplings
due to out-of-plane constraints are avoided by using plane stress elements.
The last aspect is concerned with the damage evolution law. The utilizedHashin-damage
model is originally intended for a spatially continuous description. Abaqus regularizes the
solution by introducing mesh dependent softening. For this purpose the program calculates
a characteristic length Lelem from the element dimensions. In the case of the considered
rectangular elements with width b0 and height h0 and reduced integration, this quantity
takes the value Lelem =
√
h0b0. Abaqus calculates the dissipated work of failure under
the stress-strain curve as Γε = Γ elem/Lelem, which is connected to the desired work of
separation by the factor element height h0. So the material property to be handed over to
the program is Γ elem =
√
b0/h0 Γ0.
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acoustic tensor, 31
assumed-crack approach, 25
biaxiality ratio, 19, 53, 62, 104
blunting line, 29, 38, 40, 46
boundary conditions, 21, 32–33, 70
boundary layer model, 21, 35, 43, 62
C(T)-specimen, 100–101
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computational cell simulation, 15, 96
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46–48, 71, 73, 77, 85–86, 96, 101
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R-curve, see crack growth resistance curve
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Rice-Tracey model, 80–82
RKR-model, 12–16, 25, 44, 57, 93
secondary crack, 47–48, 57, 94
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specimen size effect, 19, 101, 106
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universal function of crack speed, 20
void by void growth, 77, 78, 83, 89
